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Abstract

Experimental and clinical data on purine metabolism are collated and analyzed with

three mathematical models. The ®rst model is the result of an attempt to construct a tra-

ditional kinetic model based on Michaelis±Menten rate laws. This attempt is only par-

tially successful, since kinetic information, while extensive, is not complete, and since

qualitative information is di�cult to incorporate into this type of model. The data gaps

necessitate the complementation of the Michaelis±Menten model with other functional

forms that can incorporate di�erent types of data. The most convenient and established

representations for this purpose are rate laws formulated as power-law functions, and

these are used to construct a Complemented Michaelis±Menten (CMM) model. The

other two models are pure power-law representations, one in the form of a Generalized

Mass Action (GMA) system, and the other one in the form of an S-system. The ®rst part

of the paper contains a compendium of experimental data necessary for any model of

purine metabolism. This is followed by the formulation of the three models and a com-

parative analysis. For physiological and moderately pathological perturbations in me-

tabolites or enzymes, the results of the three models are very similar and consistent

with clinical ®ndings. This is an encouraging result since the three models have di�erent

structures and data requirements and are based on di�erent mathematical assumptions.
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Signi®cant enzyme de®ciencies are not so well modeled by the S-system model. The

CMM model captures the dynamics better, but judging by comparisons with clinical ob-

servations, the best model in this case is the GMA model. The model results are discus-

sed in some detail, along with advantages and disadvantages of each modeling

strategy. Ó 1998 Elsevier Science Inc. All rights reserved.

Keywords: Biochemical systems theory; General mass action system; Mathematical

model; Purine metabolism; S-system

Abbreviations

Abbreviation Metabolite Variable

PRPP Phosphoribosylpyrophosphate X1

IMP Inosine monophosphate X2

S-AMP Adenylosuccinate X3

Ado Adenosine
Adenosine monophosphate
Adenosine diphosphate
Adenosine triphosphate

9>>=>>;
AMP X4

ADP
ATP

SAM S-adenosyl-L-methionine X5

Ade Adenine X6

XMP Xanthosine monophosphate X7

GMP Guanosine monophosphate
Guanosine diphosphate
Guanosine triphosphate

9=;GDP X8

GTP

dAdo Deoxyadenosine
Deoxyadenosine monophosphate
Deoxyadenosine diphosphate
Deoxyadenosine triphosphate

9>>=>>;
dAMP X9

dADP
dATP

dGMP Deoxyguanosine monophosphate
Deoxyguanosine diphosphate
Deoxyguanosine triphosphate

9=;dGDP X10

dGTP

RNA Ribonucleic acid X11

DNA Deoxyribonucleic acid X12

HX Hypoxanthine
Inosine
Deoxyinosine

9=;Ino X13

dIno

Xa Xanthine X14
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Gua Guanine
Guanosine
Deoxyguanosine

9=;Guo X15

dGuo

UA Uric acid X16

R5P Ribose-5-phosphate X17

Pi Phosphate X18

Abbreviation Full name

GMA Generalized Mass Action
BST Biochemical Systems Theory
MCT Metabolic Control Theory
CMM Complemented Michaelis±Menten
BW Body weight

Abbreviated
¯ux

Abbreviated
enzyme

Enzyme catalyzed reaction E.C.

vprpps PRPPS Phosphoribosylpyrophosphate
synthetase

2.7.6.1.

vgprt HGPRT Hypoxanthine-guanine
phosphoribosyltransferase

2.4.2.8.

vhprt HGPRT Hypoxanthine-guanine
phosphoribosyltransferase

2.4.2.8.

vaprt APRT Adenine phosphoribosyl-
transferase

2.4.2.7.

vden ATASE `De novo synthesis'
(Amidophosphoribosyl-
transferase)

2.4.2.14.

vpyr `pyrimidine synthesis' several enzymes
vasuc ASUC Adenylosuccinate synthetase 6.3.4.4.
vasli ASLI Adenylosuccinate lyase 4.3.2.2.
vimpd IMPD IMP dehydrogenase 1.1.1.205.
vgmps GMPS GMP synthetase 6.3.4.1.
vampd AMPD AMP deaminase 3.5.4.6.
vgmpr GMPR GMP reductase 1.6.6.8.
vtrans MT `transmethylation pathway'

(Protein O-methyltransferase) 2.1.1.24.
vmat MAT Methionine adenosyltransferase 2.5.1.6.
vpolyam SAMD `Polyamine pathway'

(S-adenosylmethionine de-
carboxylase)

4.1.1.50.

vade `Adenine oxidation' (xanthine
oxidase)

1.2.1.37.
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1. Introduction

Purine metabolism constitutes a key pathway for every organism since it is
at the heart of DNA and RNA synthesis and degradation and involves the pro-
duction of ubiquitous metabolites like ATP. It is also clinically important be-
cause of numerous diseases, ranging from gout to mental retardation, that are
associated with well-characterized enzyme defects of this pathway.

The literature contains an enormous amount of data about purine metabo-
lism in di�erent species, tissues, and under di�erent metabolic and physiologi-
cal conditions. Even so, there are very de®nite gaps in our knowledge about the
pathway, and the complexity of the regulatory mechanisms and the large num-
ber of branches in this pathway make it very di�cult to understand and predict
its behavior intuitively.

A promising approach to understanding purine metabolism is the construc-
tion and analysis of a mathematical model that is able to deal with large

vinuc 5NUC 50-Nucleotidase 3.1.3.5.
vgnuc 5NUC 50-Nucleotidase 3.1.3.5.
varna RNAP RNA polymerase (from ATP) 2.7.7.6.
vgrna RNAP RNA polymerase (from GTP) 2.7.7.6.
vrnaa RNAN RNases (to AMP) several enzymes
vrnag RNAN RNases (to GMP) several enzymes
vdgnuc 3NUC 50(30) Nucleotidase 3.1.3.31.
vada ADA Adenosine deaminase 3.5.4.4.
vdada ADA Adenosine deaminase 3.5.4.4.
vadrnr DRNR Diribonucleotide reductase 1.17.4.1.
vgdrnr DRNR Diribonucleotide reductase 1.17.4.1.
vgua GUA Guanine hydrolase 3.5.4.3.
vadna DNAP DNA polymerase (from dATP) 2.7.7.7.
vgdna DNAP DNA polymerase (from dGTP) 2.7.7.7.
vdnaa DNAN DNases (to dAMP) several enzymes
vdnag DNAN DNases (to dGMP) several enzymes
vhx `Hypoxanthine excretion' Non-enzymatic

step
vhxd XD Xanthine oxidase or xanthine

dehydrogenase
1.2.1.37.

vxd XD Xanthine oxidase or xanthine
dehydrogenase

1.2.1.37.

vx `Xanthine excretion' Non-enzymatic
step

vua `Uric acid excretion' Non-enzymatic
step
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numbers of metabolites and complex interactions. Such an approach is feasi-
ble since purine metabolism constitutes an almost closed pathway in which
only a few metabolites are products of, or substrates for, other pathways.
In our model de®nition, the metabolic system consists of sixteen dependent
variables, two independent variables and thirty-seven steps; it is depicted in
Fig. 1.

Several approaches to modeling purine metabolism were developed in recent
years. Franco and Canela [1] designed one of the ®rst kinetic models of purine
metabolism based on data from di�erent species and tissues, with the aim of
demonstrating the usefulness of computer simulations of complex metabolic
networks. Heinmets [2] modeled nucleic acid synthesis from nucleotides and
deoxynucleotides, but the model parameters were not directly obtained from
experimental data. More recently, Bartel and Holzh�utter [3] constructed a
model based on rat liver as the reference system.

The goal of the present paper is to develop an integrated model that is based
on available data and that may aid our understanding of the complex dynamics
of purine metabolism. Our reference system is the whole human body. This is a
daring task, but it seems that in the long run it will be the only way to address
the large and diverse amount of experimental and clinical data on normal and
de®cient purine metabolism and potential treatments. Furthermore, it would
appear to be restrictive to focus on a single cell type or tissue, since the path-
ways of purine metabolism are distributed among several tissues at di�erent lo-
cations throughout the body [4,5].

In order not to become overwhelmed with complexity, the prototype models
presented here do not account for the physiological compartmentalization of
purine metabolism throughout the body. This is a potentially signi®cant simpli-
®cation that should be addressed in the future. However, at this point, a non-
compartmental model seems to be a reasonable starting point for understand-
ing some aspects the complex dynamics of purine metabolism. The future in-
clusion of compartments in an overall model must be expected to be a
challenge, since some pathways within purine metabolism di�er among tissues
and even at the cellular level [6]. Since there are no absolute guidelines for the
choice of a particular model, we develop three alternative models and compare
them with each other and with clinical observations. This comparison may help
future researchers with model selection in similar situations.

The ®rst and most signi®cant step for this comparative analysis is the assess-
ment of experimental data from the literature. For this step, we collected pub-
lished information on metabolite concentrations, ¯ux values, and enzyme
kinetics from both biochemical and clinical studies. The evaluation of this in-
formation is useful not only in the context of the present paper, but it is a nec-
essary prerequisite for any modeling approach to understanding purine
metabolism. Because of the importance of this step, we discuss data collection
and parameter estimation in some detail.
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Fig. 1. Metabolic diagram of purine metabolism in man. Dependent variables are shown in boxes,

independent variables (R5P and Pi) without boxes. Fluxes are represented by straight, heavy ar-

rows and identi®ed with abbreviated names. Regulatory signals are represented by curved, light ar-

rows; inhibitions are indicated by dashed lines and activations by solid lines (for names of

metabolites and ¯uxes, see Section Abbreviations).
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The literature contains considerable information about the key processes of
the pathway, and this information is often presented in the form of parameters
such as KM , VMAX, and KI . This information can be directly translated into tra-
ditional Michaelis±Menten or Hill rate laws. However, the published informa-
tion is not complete, especially, if one restricts the search to human cells. In
some cases, the lack of information can be alleviated with direct or indirect da-
ta, obtained in vivo or in vitro, that show how one variable a�ects the rate of a
particular step. While this information is insu�cient for translating these ob-
servations into corresponding Michaelis±Menten equations, it can be used to
formulate and parameterize power-function rate laws proposed in Biochemical
Systems Theory (BST) [7±13].

The ®rst model we analyze is a `Complemented Michaelis±Menten' (CMM)
model in which as many steps of the pathway as currently possible (15 out of
the 37) are expressed as traditional Michaelis±Menten rate laws, 10 are expres-
sed as power-law rate laws, and 12 are mixed.

The other two models are formulated as canonical models within the frame-
work of BST. The ®rst of these is a Generalized Mass Action (GMA) model in
which each individual step is represented as power-function rate law. These rep-
resentations are readily obtained directly from data or from the previously de®ned
CMM model, with methods that are well documented in the literature [10,14].

The second power-law model is given in the form of an S-system. In this
form, in¯uxes and out¯uxes at branchpoints are aggregated into one power-
law term each. This form is simpler in structure and allows analytic evaluations
of the steady-state that are not possible in other types of models. It was also
shown in a theoretical setting [14] that S-systems capture the dynamics of pure
Michaelis±Menten models better than GMA systems, if the involved metabo-
lites vary within physiological ranges. If the metabolites deviate greatly from
their nominal values, either one of the power-law models may be more accurate
[14]. Our results here con®rm that this is true for purine metabolism. For small
perturbations, the responses of the S-system model are slightly closer to CMM
than GMA, but for very large perturbations, as they occur in severe enzyme de-
®ciencies, the GMA model agrees signi®cantly better with clinical observations
than the S-system model. Reasons for this result, along with advantages and dis-
advantages of the three models, are discussed in the ®nal section of the paper.

2. Mathematical representation and data requirements

A standard concept for describing the dynamics of complex systems is based
on mass balance equations of the type

�X i �
Xr

j�1

cijvj; �1�
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where r is the number of processes in the system, and the processes vj are func-
tions of some or all of the metabolites Xi. The parameters cij are the stoic-
hiometric coe�cients of the reaction vj in the equation of metabolite Xi.
These coe�cients take values: greater than 0, if vj synthesizes Xi; equal to 0,
if vj has no e�ect on Xi; and lower than 0, if vj degrades Xi.

In traditional enzyme kinetics, the functions vj represent enzyme catalyzed
processes, each of which is formulated as a rational function that relates the
reaction rate with the concentrations of substrates and modulators. The sim-
plest example is the Michaelis±Menten equation

vi � VMAXXj

KM � Xj
; �2�

which has been the paradigm rate law for almost a century [15]. It has proven
very useful in itself and has also been used as the basis for more complicated
rate laws involving activators, inhibitors, allosteric substrates, and other mod-
ulating in¯uences.

For reactions that include several substrates, products, or modulators, the
traditional rate laws become unwieldy, and this has prompted the search for
alternative representations. Valid, yet mathematically convenient substitutes
for the traditional rate laws are particularly needed if the objective of the inv-
estigation is the analysis of realistically sized, integrated metabolic pathways
and their dynamic behavior. Addressing this need, BST [9,13] was developed
as a mathematically rigorous modeling approach that can make use of a wide
variety of data and other types of more qualitative information. In BST, each
rate is represented by a product of power-law functions. This strategy has em-
pirically proven successful and is mathematically justi®ed, since it derives from
linear approximation of the rate in logarithmic space. The power-law represen-
tation is equivalent with the actual rate law at any chosen operating point, but
the two typically di�er when the system moves away from this point. Experi-
ence suggests that the rate laws in BST are su�ciently accurate if the metabo-
lites in the pathway remain within their physiological ranges.

For the GMA model, the rate laws are formulated as

vi � ai

Yn�m

j�1

X fij
j : �3�

In this representation, n is the number of dependent variables and m the num-
ber of independent variables (in the case of purine metabolism, n� 16 and
m� 2), and ai is the rate constant of the reaction. The kinetic orders fij are
the normalized partial derivatives of ¯uxes with respect to the involved metab-
olite or modulator concentrations; they are equivalent to elasticity coe�cients
in Metabolic Control Theory (MCT) [10,16,17]

ovi

oXj

� �
0

Xj0

Vi0

� fij: �4�
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This interpretation of kinetic orders provides a straightforward procedure for
translating traditional rate laws into GMA rate laws (see Appendix A for illus-
trations).

An alternative to the GMA power-law model is an S-system model. The ra-
tionale again is representation in logarithmic space of the actual and unknown
rate law, but instead of approximating each step separately, all ¯uxes of synthe-
sis of a given dependent variable are aggregated in only one power-law term
and all ¯uxes of degradation are aggregated in one power-law term. As a result,
the typical S-system equation contains two terms and reads

�X i � ai

Yn�m

j�1

X gij
j ÿ bi

Yn�m

j�1

X hij
j : �5�

As before, n is the number of dependent variables (16) and m the number of inde-
pendent variables (2);ai and bi are the rate constants for the synthesis and degrada-
tion processes of the reaction; and gij and hij are the kinetic orders of the metabolite
or modulator j in the synthesis or degradation of metabolite i, respectively.

The transition from the GMA model to the S-system model is straightfor-
ward, since the S-system parameters are computed by partial di�erentiation
from the collections of GMA terms that describe all in¯uxes or all out¯uxes
for each dependent variable

gij or hij �
Xl

r�1

fir ; j
virPl
s�1 vis

 !
0

: �6�

Here, vir and vis represent the individual steps for the synthesis or degradation
of the metabolite Xi, l is the number of individual steps that constitute the ag-
gregated synthesis or degradation of the metabolite Xi, and the parameters fir

are the kinetic orders in GMA of the variable Xj with respect to the rth step of
synthesis or degradation of metabolite Xi.

The maximal velocities VVIVO in the CMM rate laws and the rate constants
in the power-law models are de®ned in such a way that the steady-state concen-
trations of metabolites give the desired steady-state values for ¯uxes.

3. Estimation of parameters from experimental data

It is quite evident that any in vivo parameter estimates are subject to great
uncertainty. This uncertainty is composed of two types, sometimes referred to
as natural variability or Type A and true uncertainty or Type B [18]. The natural
variability accounts for the situation that the parameter in question is uniquely
given but unknown, whereas the true uncertainty accounts for the situation
that the parameter indeed is distributed. Clearly, both types of uncertainty
are relevant in purine metabolism, and this must be remembered when results
are presented and interpreted.
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3.1. Steady-state operating point

The ®rst step in the estimation of parameter values is the choice of an oper-
ating point, which is characterized by a set of concentrations and ¯uxes that
represent a physiological steady state in humans. Of course, this steady state
varies from person to person and also is a�ected by diet and the degree of phys-
ical activity, and we chose a hypothetical average situation that appeared to be
realistic. Sensitivity tests [19] have shown that this steady state in fact is rather
robust and that moderate changes in kinetic parameters of the model do not
a�ect the ¯uxes or concentrations much (see also below). The steady-state con-
centrations are presented in Table 1, along with clinical measurements in dif-
ferent tissues and with references.

3.2. Fluxes and ¯ux constraints

The estimation of ¯uxes is the most di�cult step in constructing kinetic
models, because there are few direct measurements of ¯uxes in the intact hu-
man body. However, using indirect information about the amount of a chem-
ical compound that is metabolized during a given period of time and an
average body weight (BW) of 70 kg, we can deduce several of the required ¯ux-
es. We selected lmol minÿ1 BWÿ1 as units of ¯ux, being those units the number
of lmols transformed per minute in the whole human body, assuming an av-
erage weight of 70 kg.

The model contains 37 ¯uxes (cf. Fig. 1). Given steady-state values for the
16 dependent variables, 16 of the ¯uxes can be formulated as linear combina-
tions of the remaining 21. The resulting steady-state ¯ux equations are

X1: vprpps� vgprt + vhprt + vaprt + vden + vpyr,
X2: vden + vgmpr + vampd + vhprt� vimpd + vasuc + vinuc,
X3: vasuc� vasli,
X4: vaprt + vasli + vtrans + vrnaa� vmat + vampd + varna + vadrnr + vada,
X5: vmat� vtrans + vpolyam,
X6: vpolyam� vaprt + vade,
X7: vimpd� vgmps,
X8: vgmps + vrnag + vgprt� vgmpr + vgrna + vgdrnr + vgnuc,
X9: vadrnr + vdnaa� vadna + vdada,
X10: vgdrnr + vdnag� vgdna + vdgnuc,
X11: varna + vgrna� vrnag + vrnaa,
X12: vadna + vgdna� vdnag + vdnaa,
X13: vada + vdada + vinuc� vhprt + vhxd + vhx,
X14: vhxd + vgua� vxd + vx,
X15: vdgnuc + vgnuc� vgprt + vgua,
X16: vxd� vua.

10 R. Curto et al. / Mathematical Biosciences 151 (1998) 1±49



Table 1

Estimation of metabolite concentrations (units for concentrations are in lM)

Variables Conc. Metabolite Conc. Tissue Conc. Refs. Comments

X1 5 PRPP 5 Human cells 5 [55]

Human erythrocytes 2±7 [55]

Human cells <10 [56]

X2 100 IMP 100 Human liver 120±300 [57] 1

Human kidney 50±110

Human erythrocytes 5±85

Human brain 17 [58]

X3 0.2 S-AMP 0.2 Rat muscle <0.2 [59] 2

X4 2500 AMP 200 Rat muscle 93 [59]

Rat liver 270 [60]

Rat erythrocytes 37

Erlich cells 500±700 [61]

Glioblastoma 241 [58]

Human brain 242

ADP 400 Rat muscle 624 [59]

Rat liver 530 [60]

Rat erythrocytes 174

Glioblastoma 527 [58]

Human brain 788

ATP 1900 Rat muscle 5000 [59]

Rat liver 1512 [60]

Rat erythrocytes 1702

Glioblastoma 1105 [58]

Human brain 2100

Ado 0.5 General tissues 0.5 [30]

X5 4 SAM 4 Human erythrocytes 3.5 [62,63]

X6 1 Ade 1 Erlich cells 1.4 [64]

Rat liver 0.9 [60]

Rat muscle 1.3

Rat erythrocytes 1.6

Rat plasma 3.2

Human brain 4.5 [58]

Human plasma 0.07 [65]

X7 25 XMP 25 Not infected cells � [GMP] [66]

X8 400 GMP 25 Glioblastomas 22 [58]

Human brain 26

GDP 75 Human erythrocytes 33 [67]

Erlich cells 220 [64]

Glioblastoma 74 [58]

Human brain 169

GTP 300 Human erythrocytes 205 [67]

Erlich cells 350 [64]
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Table 1 (continued)

Variables Conc. Metabolite Conc. Tissue Conc. Refs. Comments

Glioblastoma 225 [58]

Human brain 300

X9 6 dAdo 0.1 Human brain <0.1 [58]

dAMP 0.5 General tissues [31,68] 3

dADP 1.4

dATP 4

X10 3 dGMP 0.1 General tissues [31,68] 3

dGDP 0.5

dGTP 2.4

X11 28600 RNA 28600 Mammalian organisms 6 [DNA] [69]

D discoideum 30000 [70]

X12 5160 DNA 5160 Human body 5160 [71] 4

X13 10 HX 6.9 Rat interstitial ¯uid 7.2 [30]

Human plasma 1.7 [72]

Human bone marrow 7.1 [73]

Human plasma 2.4

Glioblastoma 30 [58]

Human brain 32

Ino 3 Rat liver 4.7 [60]

Rat muscle 2.4

Rat erythrocytes 2.6

Rat plasma 2.1

Human plasma 0.9 [72]

Glioblastoma 30 [58]

Human brain 27

dIno 0.1 Human brain <0.1 [58]

X14 5 Xa 5 Human plasma 0.9 [74]

Human CSF 2

Xanthinuric patient 8 [21]

Glioblastoma 32 [58]

Human brain 34

X15 5 Gua 0.5 Glioblastoma 0.6 [58]

Human brain 0.4

Guo 4.4 Rat liver 6.9 [60]

Rat muscle 4.5

Rat erythrocytes 1.7

Rat plasma 0.8

Glioblastoma 6.2 [58]

Human brain 5.3

dGuo 0.1 Human brain <0.1 [58]

PNP de®cient patient 1 [67]

12 R. Curto et al. / Mathematical Biosciences 151 (1998) 1±49



In addition to these steady-state constraints, it is known that the ratio of ad-
enine and guanine in nucleic acids is approximately 3

2
. This fact allows us to for-

mulate four more constraints between the ¯uxes in steady state:

While very helpful, these constraints are not su�cient for a complete kinetic
characterization. Seventeen more ¯ux estimates or constraints between ¯uxes
are needed, and these have been extracted from experimental data. The results
are presented in Table 2 and explained in the following. The ¯uxes with non-
explicitated units have the implicit units of lmol minÿ1 BWÿ1.

(1) The ®rst equation re¯ects in vivo measurements of the amount of UA
excreted in urine. Normal subjects excrete 418±426 mg per day of UA in urine
[20]. However, only 75% of the total UA excretion appear in urine, while the
remaining 25% are excreted by the gut as allantoine or as other catabolites
[20]. The ¯ux thus has to be increased by 4

3
, which yields the ®nal value of 2.27.

(2) Strictly speaking, data obtained from xanthinuric patients (usually indi-
viduals with XD de®ciency) are not valid for our model, because they do not
derive from healthy subjects. Nevertheless, they provide the only quantitative
information on this ¯ux. The excretion of oxypurines in xanthinuric subjects
is about 300 mg per day [21], which is approximately the same as UA excretion
in healthy subjects. The xanthinuric subjects in Bradford's [21] study had no
other relevant disorders of purine metabolism, with the exception of large

varna� 3
2

vgrna,
vrnaa� 3

2
vrnag,

vadna� 3
2

vgdna,
vdnaa� 3

2
vdnag.

Table 1 (continued)

Variables Conc. Metabolite Conc. Tissue Conc. Refs. Comments

X16 100 UA 100 Human body 100 [20]

X17 18 R5P 18 Mouse liver 18 [69]

X18 1400 Pi 1400 Eukaryotic cells 400±6000 [75]

Rat cardiomyocytes 1400 [76]

Human erythrocytes 1000 [77]

Comments: (1) The IMP concentration can vary considerably with the metabolic and physiological

conditions. Some of these variations are due to the di�erences in metabolism during rest (when IMP

concentration is lower) and during exercise (when IMP is higher). (2) No concentrations were found

for this metabolite in human tissues. (3) The concentrations of deoxynucleotides are very di�cult to

estimate. When cells are in stationary phase, the deoxynucleotides cannot be detected; they can only

be measured when cells are dividing. In the latter case, the concentrations are of the order of 20 lM

[68]. Furthermore, one can assume that deoxynucleotides are less than 1% of the corresponding

nucleotides [31]. (4) The human body contains about 75 ´ 1012 cells, and each cell contains

2.9 ´ 109 base pairs. Using these parameters, we arrive at a concentration of 5160 lM for purine

nucleotides bound in DNA.

R. Curto et al. / Mathematical Biosciences 151 (1998) 1±49 13



excretion of Xa and HX instead of UA, which in these patients is negligible. It
thus appears reasonable to assume that purine metabolism in these subject is
similar to that in healthy subjects, except that HX, which in healthy subjects
is transformed into Xa (vhxd), and Xa, which in healthy subjects is transformed
into UA (vxd), are excreted in larger amounts (vhx and vx). Given that the stea-
dy-state values of other ¯uxes are una�ected by xanthinurea, the turnover of
HX in xanthinuric patients seems to provide at least a crude estimate. The
HX turnover in these patient is 4.9, and this implies vhprt + vhxd� 4.9.

Based on similar arguments, one can use information about Xa turnover,
which in xanthinuric subjects is about 1.26. Because the only reaction that syn-
thesizes Xa in these patients is vgua, one concludes that vgua� 1.26. One might
assume that healthy subjects had the same value of vgua, but since this is not
clear, we do not use this information as a constraint. Nonetheless, this estima-
tion is in accord with the third equation in Table 2.

(3) It is generally known that most of HX is recycled by vhprt, which implies
that vhprt is greater than vhxd. Averaging available data [20,22], one can assume
that vhprt degrades about 75% of HX, so that vhprt� 3 vhxd. This relationship,
combined with information about the turnover of HX discussed in (2) (4.9),
suggests roughly vhxd� 1.2 and vhprt� 3.7. Furthermore, if vhxd� 1.2 and
vxd� 2.27 at steady-state, then vgua� 1.07, which is close to the value obtained
for xanthinuric subjects (1.26).

Table 2

Experimentally based ¯ux equations

Number Equation References

1 vua ' 2:27 lmol minÿ1 BWÿ1 [20]

2 vhxd � vhprt ' 4:9 lmol minÿ1 BWÿ1 [21]

3 vhprt ' 3� vhxd [20,22]

4 vhprt ' vgprt [23,24]

5 vgdrnr � vgnuc ' 9� vgmpr [24,25]

6 vasuc ' 5� vimpd [26,27]

7 vaprt ' 1 lmol minÿ1 BWÿ1 [28]

8 vada

vdada
' �Ado�
�dAdo� ' 10 [30]

9
vgnuc

vdgnuc
' �GMP�
�dGMP� ' 250 The same assumption as in Eq. (8)

10 vtrans ' 14 lmol minÿ1 BWÿ1 [31]

11 vpyr ' 10 lmol minÿ1 BWÿ1 Assuming that purine synthesis is of

the same order of pyrimidine

synthesis

12 vade ' 0:01 lmol minÿ1 BWÿ1 [78]

13 vhx ' 0:05 lmol minÿ1 BWÿ1 [33]

14 vx ' 0:03 lmol minÿ1 BWÿ1 [33]

15 vampd ' 3� vada [34]

16 vadna � vgdna � 17 lmol minÿ1 BWÿ1 [71]

17 varna � vgrna � 3300 lmol minÿ1 BWÿ1 [35]
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(4) Measurements of the activity of vaprt, vhprt and vgprt reported in the liter-
ature suggest that the activities of hprt and gprt are similar and that the activity
of aprt is less than the other two [23,24].

(5) Between 90% and 100% of guanine nucleotides are degraded to Xa
[24,25]. Even though this information is not as quantitative as we would like,
it roughly suggests the constraint vgdrnr + vgnuc� 9 vgmpr.

(6) The branchpoint of IMP is most important in the regulation of purine
metabolism. It has been reported that the ratio vasuc/vimpd is close to 5 in human
tissues in stationary phase, while it is close to 1 during cell proliferation [26,27].
We selected a value of 5 for our system.

(7) The ¯ux vaprt was studied in an APRT de®cient patient [28]. Since this
subject presented with no other relevant disorders of purine metabolism (see
below), one can assume that this patient synthesized the same amount of
Ade as healthy subjects, but excreted it as 2,8-dihydroxyadenine instead of re-
cycling it with vaprt. If this is the case, the excretion of adenine metabolites in
this patient should be equivalent to the ¯ux of vaprt in healthy subjects. Adjust-
ed for BW, vaprt thus has a value of approximately 1. Other experimental data
[29] yield similar results.

(8) No direct information is available about the kinetic properties of reac-
tions catalyzed by ADA. However, according to Geiger and Nagy [23],
ADA exhibits the same activity with Ado as with dAdo. A reasonable assump-
tion is therefore, that the proportionality between vada and Ado is probably of
the same order of magnitude as the proportionality between vdada and dAdo.
This assumption leads to the statement in Table 2; its uncertainty is re¯ected
by the symbol �.

(9) No hard experimental data are available to estimate what fractions of the
guanine nucleotide pool are degraded by vgnuc and vgdrnr, respectively. One may
suppose that the proportionality between these ¯uxes and the corresponding
concentrations of the guanine nucleotides and deoxynucleotides are probably
of the same order of magnitude. This assumption leads to the statement in Ta-
ble 2; its uncertainty is re¯ected by the symbol �.

(10) Human S-adenosyl-L-homocysteine hydrolase, which is the last enzyme
in the transmethylation pathway, generates between 14 and 23 mmols of Ado
in 12 h [31]. This corresponds to an average ¯ux of about 14.

(11) The ¯ux of vpyr is di�cult to estimate. One may assume that the synthe-
sis of pyrimidines is approximately equal to the synthesis of purines. A reason-
able value seems to be 10.

(12) vade is less than 0.07 [29], and this ¯ux is 0.01 or less [24,32]. We set the
value as 0.01.

(13) and (14) vhx and vx for humans in vivo are about 0.05 and 0.03, respec-
tively [33].

(15) [34] related the ¯uxes of vampd and vada in di�erent tissues and suggested
a ratio of about 3.
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(16) If one assumes an average human cell turnover of 15 days and takes
into account that DNA must be resynthesized during every cell cycle, one ob-
tains a DNA turnover rate of 17.

(17) mRNA constitutes a mere 3% of the total RNA pool, but the turnover
¯ux of the mRNA pool is about 30% of the turnover ¯ux of the total RNA
pool. Furthermore, the half life for mRNA in eukaryotic organisms is about
30 min [35]. These data yield an RNA turnover rate of 3300. Sander et al.
[36] estimated this turnover value as 0.06 assuming one mole of RNA as the
entire chain of nucleotides, whereas in our model, one mole refers to a single
RNA nucleotide. For comparison, the turnover rate in Sander's analysis must
therefore be multiplied with the average length of an RNA chain. If one as-
sume that the average length of an RNA chain is about 50 000, the two estima-
tions are very close.

With these estimates and constraints, the system of equations has a unique
solution for the ¯ux values at steady state; this solution is presented in Table 3.
While these values have been calculated for our speci®c modeling purposes,
they are interesting in themselves because they provide some insight in the dis-
tribution of ¯uxes in human purine metabolism.

3.3. Estimation methods

For the CMM model, we collected as many parameters as possible from ex-
perimental data in humans. Only less than half of the ¯uxes could be evaluated
in this fashion, and we were forced to complement them with other types of
rate laws. For this purpose, we estimated kinetic orders of power-law represen-
tations instead of the traditional constants KM , Ki or KA.

Some of the variables in our model represent pools, rather than individual
metabolites. An example is the pool X4, which includes ATP, ADP, AMP,
and Ado. This needs to be considered when only one or two of the constituents

Table 3

Steady-state ¯ux rates in man

vada� 2.1 vade� 0.01 vadna� 10 vadrnr� 0.2

vampd� 5.69 vaprt� 1 varna� 1980 vasuc � 8

vasli� 8 vdada� 0.2 vden� 2.39 vdgnuc� 0.1

vdnaa� 10 vdnag� 6.8 vgdna� 6.8 vgdrnr� 0.1

vgmpr� 0.5 vgmps� 1.6 vgnuc � 4.7 vgprt� 3.7

vgrna� 1320 vgua� 1.1 vhprt � 3.7 vhx � 0.05

vhxd� 1.23 vimpd� 1.6 vinuc � 2.68 vmat � 15

vpolyam� 1.01 vprpps� 20.79 vpyr � 10 vrnaa� 1980

vrnag� 1320 vtrans� 13.99 vua� 2.3 vx� 0.03

vxd� 2.3

Variables are listed in alphabetical order. Units are lmol minÿ1 BWÿ1.
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of such pools a�ect a rate law. For instance, we cannot directly include ATP as
a variable in a kinetic rate law, because ATP is not a dependent variable in the
model. Instead, we use X4 and correct the disparity between ATP and X4 by
multiplying X4 in the rate law with the factor [ATP]/X4 at the operating point.
The kinetic rate law of each reaction and its associated parameter values are
presented in next section.

Parameter values for the GMA model were obtained from kinetic data as
shown in Eq. (4). In most cases, the kinetic orders were coded as `f' followed
by the abbreviated name of the reaction and by the number (or abbreviated
name) of the variable that a�ects the rate of the reaction.

The only exceptions are the kinetic orders for the synthesis and degradation
of nucleic acids. These are constrained by the fact that the ratio of Ade/Gua in
nucleic acids is essentially constant. To ensure that the kinetic parameters of
varna and vgrna are the same, we coded them as frnap�i� (as an acronym for the
enzyme RNA polymerase). Similarly, frnan�i� stands for the kinetic orders of
vrnag and vrnaa (as an acronym for the enzyme RNA nucleotidase), fdnap�i� for
the kinetic orders of vadna and vgdna (for DNA polymerase), and fdnan�i� for ki-
netic orders of vdnaa and vdnag (for DNA nucleotidase). This deviation in no-
menclature signi®es that the incorporation of guanine nucleotides to nucleic
acids is proportional to the incorporation of adenine.

To estimate the GMA parameters in cases where the substrate or modi®er of
the reaction is an aggregated pool, we took into account that the aggregated
pool concentration is the sum of the concentrations of the individual compo-
nents and that the equilibrium between them is achieved very rapidly. For in-
stance, suppose that the aggregated pool of Xj is composed of three chemical
substances, Xa, Xb, and Xc:

Xj � Xa � Xb � Xc;

Xa 
 Xb 
 Xc:

Introducing the equilibrium constants K1�Xb/Xa, K2�Xc/Xb, we can form-
ulate the rapid equilibrium between the metabolites as

Xj � Xa � K1Xa � K2K1Xa � Xa�1� K1 � K1K2� � K 01Xa;

Xj � Xb � Xb=K1 � K2Xb � Xb�1� 1=K1 � K2� � K 02Xb;

Xj � Xc � Xc=K2 � Xc=�K2K1� � Xc�1� 1=K2 � 1=�K1K2� � K 03Xc:

According to Eq. (4), the parameters of interest are de®ned as

fij � ovi

oXj

� �
0

Xj0

vi0

; fia � ovi

oXa

� �
0

Xa0

vi0

:

fib � @vi

@Xb

� �
0

Xb0

vi0

; fic � @vi

@Xc

� �
0

Xc0

vi0

:
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Application of the chain rule of di�erentiation leads to

fij � ovi

oXj

� �
0

Xj0

vi0

� Xj0

vi0

ovi

oXa

� �
0

oXa

oXj

� �
0

� ovi

oXb

� �
0

oXb

oXj

� �
0

�
� ovi

oXc

� �
0

oXc

oXj

� �
0

�
� ovi

oXa

� �
1

K1

K1Xa

vi
� ovi

oXb

� �
1

K2

K2Xb

vi
� ovi

oXc

� �
1

K3

K3Xc

vi

and this yields, upon rearrangement of terms,

fij � fia � fib � fic:

This mathematical derivation shows that a kinetic order with respect to an
aggregated pool is equal to the sum of the kinetic orders with respect to the in-
dividual components of the pool.

Some steps within purine metabolism (e.g., vden, vpolyam, and vtrans) do not
consist of only one reaction, but of linear pathways, and it turned out to be
impossible to ®nd kinetic rate laws for the entire sets of reactions. Theoretical
arguments suggest estimating the parameters of these ¯uxes from the ®rst en-
zyme of the pathway, as is discussed below.

First, one can argue that the kinetic orders of a ¯ux representing a linear
pathway are, by de®nition, the logarithmic ¯ux gains [13] of this linear path-
way. For instance, if one would construct a model of the 10 reactions that com-
prise vden, one could calculate the logarithmic ¯ux gains of this pathway and
subsequently use them as kinetic orders in the overall model of purine metab-
olism.

Secondly, one can justify the use of kinetic orders associated with the ®rst
enzyme by evoking a fundamental equation of BST that relates ¯ux gains
and kinetic orders: �L�vi;Xk�� � �Gi� � �Gd ��L�Xi;Xk�� [37,38]. In a linear path-
way, all rows in the matrix �L�vi;Xk�� are identical because all ¯uxes have the
same value in steady state. Thus, one needs to calculate only one row of this
matrix to know all logarithmic ¯ux gains of the system. Consider one step in
the linear pathway which is not modi®ed by any dependent variable of the
pathway, and for which, consequently, all kinetic orders of the matrix Gd are
zeros. The corresponding row of the matrix �Gd ��L�Xi;Xk�� is a row of zeros,
and the logarithmic ¯ux gains correspond exactly to the row of [Gi] of those
kinetic orders of independent variables in the synthesis term of this variable
that are not a�ected by any other dependent variable. However, the only step
in the pathway that can be unmodi®ed by any dependent variable is the ®rst
step, in which the substrate is an independent variable, because the substrates
of all other reactions are dependent variables. This implies that in a linear path-
way in which none of the dependent variables inside this linear pathway is a
modi®er of the ®rst step, the logarithmic ¯ux gains of the pathway correspond
exactly to the kinetic orders of the ®rst reaction. In such cases, it is justi®ed to
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substitute the linear chain of reactions with one step in which the kinetic orders
correspond to those of the ®rst reaction. This procedure applies to vden, vpolyam,
and vtrans.

The kinetic orders for the S-system model were computed with Eq. (6), using
the previous estimates of GMA kinetic orders and the values of ¯uxes at the
operating point.

Applying these methods to published experimental data, we estimated the
kinetic orders for every reaction of the pathway. The results are given in Ap-
pendix A following the order of the pathway of Fig. 1. The resulting kinetic
orders of the GMA and S-system models are shown in Tables 4 and 5 respec-
tively, the GMA rate constant and Vvivo are given in Table 6, and S-system rate
constants are given in Table 7.

4. Preliminary model evaluation

4.1. Steady-state features

With 18 variables, 37 ¯uxes, and numerous modulations, the proposed mod-
els of purine metabolism are quite complicated, and a full evaluation is beyond
our scope here. A rather detailed analysis of the steady-state properties can be
found elsewhere [19]. This analysis demonstrates that the steady state is stable

Table 4

Values of GMA kinetic orders in alphabetical order

fada4� 0.97 fade6� 0.55 fadrnr4� 0.1 fadrnr9�)0.3

fadrnr10� 0.87 fampd4� 0.8 fampd8�)0.03 fampd18�)0.1

faprt1 � 0.5 faprt4�)0.8 faprt6� 0.75 fasuc2� 0.4

fasuc4�)0.24 fasuc8� 0.2 fasuc18�)0.05 fasli3� 0.99

fasli4�)0.95 fdada9� 1 fden1� 2 fden2�)0.06

fden4�)0.25 fden8�)0.2 fden18�)0.08 fdgnuc10� 1

fdnan12� 1 fdnap9� 0.42 fdnap10� 0.33 fgdrnr8� 0.4

fgdrnr9�)1.2 fgdrnr10�)0.39 fgmpr2�)0.15 fgmpr4�)0.07

fgmpr7�)0.76 fgmpr8� 0.7 fgmps4� 0.12 fgmps7� 0.16

fgnuc8� 0.9 fgnuc18�)0.34 fgprt1� 1.2 fgprt8�)1.2

fgprt15� 0.42 fgua15� 0.5 fhprt1� 1.1 fhprt2�)0.89

fhprt13� 0.48 fhx13� 1.12 fhxd13� 0.65 fimpd2� 0.15

fimpd7�)0.09 fimpd8�)0.03 finuc2� 0.8 finuc18�)0.36

fmat4� 0.2 fmat5�)0.6 fpolyam5� 0.9 fprpps1�)0.03

fprpps4�)0.45 fprpps8�)0.04 fprpps17� 0.65 fprpps18� 0.7

fpyr1� 1.27 frnan11� 1 frnap4� 0.05 frnap8� 0.13

ftrans5� 0.33 fua16� 2.21 fx14� 2.0 fxd14� 0.55

It should be noted that the kinetic order fdnan12 applies to vdnaa and vdnag, kinetic orders fdnap9 and

fdnap10 apply to vadna and vgdna, the kinetic order frnan11 applies to vrnaa and vrnag, and kinetic orders

frnap4 and frnap8 apply to varna and vgrna. Further details are given in text and Appendix A.
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Table 5

Values of the S-system kinetic orders (kinetic orders not presented in this table have a value of 0)

g1;1�)0.03 g1;4�)0.45 g1;8�)0.04 g1;17� 0.65 g1;18� 0.7

g2;1� 0.720 g2;2�)0.28 g2;4� 0.319 g2;7�)0.03 g2;8�)0.02

g2;13� 0.144 g2;18 �)0.06 g3;2� 0.4 g3;4�)0.24 g3;8� 0.2

g3;18�)0.05 g4;1� 0.0002 g4;3� 0.003 g4;4� 0.0042 g4;5� 0.002

g4;6� 0.0003 g4;11 � 0.988 g5;4� 0.2 g5;5�)0.6 g6;5� 0.9

g7;2� 0.15 g7;7�)0.09 g7;8�)0.03 g8;1� 0.003 g8;4� 0.00014

g8;7� 0.00019 g8;8�)0.00335 g8;11 � 0.996 g8;15� 0.001 g9;4� 0.001

g9;9�)0.0058 g9;10 � 0.017 g9;12 � 0.98 g10;8� 0.005 g10;9�)0.017

g10;10�)0.006 g10;12� 0.985 g11;4� 0.05 g11;8� 0.13 g12;9� 0.42

g12;10� 0.33 g13;2� 0.43 g13;4� 0.409 g13;9� 0.04 g13;18 �)0.19

g14;13� 0.343 g14;15� 0.236 g15;8� 0.881 g15;10� 0.02 g15;18 �)0.33

g16;14� 0.55 h1;1� 1.27 h1;2�)0.16 h1;4�)0.06 h1;6� 0.036

h1;8�)0.23 h1;13 � 0.085 h1;15 � 0.074 h1;18�)0.0092 h2;2� 0.454

h2;4�)0.15 h2;7�)0.01 h2;8� 0.126 h2;18�)0.11 h3;3� 0.99

h3;4�)0.95 h4;4� 0.054 h4;5�)0.0045 h4;8� 0.128 h4;9�)2 ´ 10ÿ4

h4;10� 8 ´ 10ÿ5 h4;18 �)0.0002 h5;5� 0.368 h6;1� 0.495 h6;4�)0.79

h6;6� 0.748 h7;4� 0.12 h7;7� 0.16 h8;2�)5 ´ 10ÿ5 h8;4� 0.049

h8;7�)0.0002 h8;8� 0.132 h8;9�)9 ´ 10ÿ5 h8;10�)2 ´ 10ÿ5 h8;18�)0.001

h9;9� 0.431 h9;10 � 0.323 h10;9� 0.413 h10;10� 0.339 h11;11 � 1

h12;12� 1 h13;1� 0.817 h13;2�)0.66 h13;13� 0.528 h14;14 � 0.568

h15;1� 0.925 h15;8�)0.925 h15;15� 0.438 h16;16� 2.21

Table 6

Values of rate constants in GMA and Vvivo in CMM for each reaction, in alphabetical order

aada� 0.001062

Vvivo �ada� � 86.1

aade� 0.01

Vvivo �ade� � 0.01

aadna� 3.2789

Vvivo �adna� � 35.7912

aadrnr� 0.0602

Vvivo �adrnr� � 0.1461

aampd� 0.02688

Vvivo �ampd� � 33.4657

aaprt� 233.8

Vvivo �aprt� � 1045.64

aarna� 614.5

Vvivo �arna� � 2414.63

aasuc� 3.5932

Vvivo �asuc� � 37.7716

aasli� 66544

Vvivo �asli� � 1636.12

adada� 0.03333

Vvivo �dada� � 79.3667

aden� 5.2728

Vvivo �den� � 1278.32

adgnuc� 0.03333

Vvivo �dgnuc� � 3300.4

adnaa� 0.001938

Vvivo �dnaa� � 0.00194

adnag� 0.001318

Vvivo �dnag� � 0.001318

agdna� 2.2296

Vvivo �gdna� � 24.338

agdrnr� 0.1199

Vvivo �gdrnr� � 2.1963

agmpr� 0.3005

Vvivo �gmpr� � 0.3005

agmps� 0.3738

Vvivo �gmps� � 0.7483

agnuc� 0.2511

Vvivo �gnuc� � 1600.22

agprt� 361.69

Vvivo �gprt� � 5601

agrna� 409.6

Vvivo �grna� � 1609.75

agua� 0.4919

Vvivo �gua� � 2.2

ahprt� 12.569

Vvivo �hprt� � 370.646

ahx� 0.003793

Vvivo �hx� � 0.003793

ahxd� 0.2754

Vvivo �hxd� � 3.51428

aimpd� 1.2823

Vvivo �impd� � 2.299

ainuc� 0.9135

Vvivo �inuc� � 181.849

amat� 7.2067

Vvivo �mat� � 42.6228

apolyam� 0.29

Vvivo �polyam� � 13.635

aprpps� 0.9

Vvivo �prpps� � 16.7

apyr� 1.2951

Vvivo �pyr� � 1.2951

arnaa� 0.06923

Vvivo �rnaa� � 0.06923

arnag� 0.04615

Vvivo �rnag� � 0.04615

atrans� 8.8539

Vvivo �trans� � 20.985

aua� 0.00008744

Vvivo �ua� � 0.0000874

ax� 0.0012

Vvivo �x� � 0.0012

axd� 0.949

Vvivo �xd� � 5.1106
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and quite robust. It is rather insensitive to changes in independent variables
and parameters, but responsive enough to deal with physiological perturba-
tions. Most of the over 1000 parameter sensitivities are less than one in mag-
nitude, and among the remaining sensitivities, most are between 1 and 5,
predicting that a 1% alteration in a parameter value would lead to a 1±5%
change in the response variable. The relatively few sensitivities that are some-
what higher fall into two categories. Some are associated with the enzyme
PPRPS, which is known to be crucial for the dynamics of purine metabolism;
these higher sensitivities are thus a correct re¯ection of a well-known fact. A
few are associated with marginal metabolites like HX, and therefore rather in-
consequential. The generally low parameter sensitivities are important for an-
other reason: they imply that inaccuracies in the estimation of parameter values
have relatively minor consequences.

It may be noteworthy to comment on the quite complex stoichiometry of the
model. Of course, at the steady state, the totality of inputs must equal the to-
tality of outputs, and the equations indeed re¯ect this balance of ¯uxes. The
stoichiometry is complicated, because key metabolites are composed of three
di�erent moieties, namely the purine ring, ribose, and phosphate. In numerous
steps of the pathway, one of these moieties is either attached or split o�, and
this complicates any graphical representation. In order to keep confusion to
a minimum, we decided to omit phosphate moieties from the pathway diagram
and focus on ribose and the purine ring (see Fig. 1). This simpli®cation does
not a�ect the mathematical equations or any of the analyses. The equations

Table 7

Values of rate constants in the S-system model

Alpha Beta

X1 0.9 30.8182

X2 1.6914 5.6

X3 3.5932 66 544.7

X4 0.08115 612.1

X5 7.2067 9.001

X6 0.29 223.54

X7 1.2823 0.3738

X8 0.0484 408.86

X9 0.00227 3.3

X10 0.00151 2.2629

X11 1024.12 0.1154

X12 5.5085 0.00325

X13 0.10582 8.2073

X14 0.7203 0.9324

X15 0.26646 135.46

X16 0.949 0.00008744
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account for the dynamics of the relevant moieties through their mathematical
structure and the values of their parameters.

In¯uxes of ribose and purine rings, respectively, occur in two places. The
vprpps step is the point of entry for the ribose moiety, while the vden step repre-
sents entry of the purine ring. The two moieties leave the system in several pro-
cesses. The ribose moiety is removed directly through the steps vpyr, vpolyam, and
indirectly through the steps vada, vdada, vgnuc, vdgnuc, and vinuc. The latter steps do
not involve the loss of ribose directly, but are followed by splitting steps that
occur within aggregated metabolite pools directly downstream. These reactions
are catalyzed by purine nucleoside phosphorylase and separate the ribose moi-
ety from the purine base. Purine rings leave the system through the steps vade,
vhx, vx, and vua. As mentioned above, phosphate moieties are attached or re-
moved in a large number of steps and even within pools.

4.2. Dynamic features

For the present evaluation, the three models (CMM, GMA, and S-system)
are tested for consistency through simulations that re¯ect normal and patho-
logical perturbations of purine metabolism. In particular, the purpose of the
analysis is to determine whether one, two, or all three models yielded reason-
able results, as measured against some representative biochemical and clinical
observations.

Michaelis±Menten models are often considered the standard, and they have
been the cornerstone of kinetic analyses in vitro for almost a century. Nonethe-
less, there is growing suspicion about whether these models are adequate in vi-
vo [39,40]. It is not guaranteed that their underlying steady-state assumptions
are satis®ed in vivo. Relaxing the assumption of homogeneity leads to rate laws
of di�erent types [41]. Michaelis±Menten models of moderately sized pathways
become rather intractable when it comes to mathematical analysis. Savageau
[13] discussed the drastically increasing complexity of traditional rate laws, if
they are a�ected by several modulators. Even analyses of essential features
of pathways, such as steady states and their stability and sensitivities, become
forbidding in Michaelis±Menten models of realistic, integrated pathways, while
they are readily executed in power-law models. In the present case, we found it
impossible to design a pure Michaelis±Menten model from existing data and
had to complement it with power-law processes. These theoretical and practical
concerns make the exploration of alternative models highly desirable.

Power-law models, whether of GMA, S-system, or Half-system type [9],
have signi®cant advantages when it comes to steady-state and dynamical anal-
ysis. The issue of potential concern here is that these models are developed as
local representations of the actual rate law, which implies that their accuracy
and reliability are guaranteed mathematically only for small perturbations.
Even without this mathematical guarantee though, there is mounting empirical
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evidence that power-law models often provide reliable representations for quite
large ranges of variation in substrates or modulators. These ranges sometimes
span several orders of magnitude [42±44]. Supporting and explaining these ob-
servations, Savageau [40,41,45] collated several direct studies and theoretical
considerations [46±50] suggesting that power-law functions seem to be simple,
yet adequate descriptions of processes in vivo.

It has been demonstrated several times that power-law models exhibit re-
sponses very similar to Michaelis±Menten equations, if the metabolites re-
main within ranges of physiological variation (e.g. Refs. [14,51]). However,
it is di�cult to assess in general how the three models compare under patho-
logical conditions, as they are encountered in total or severe enzyme de®cien-
cies. While one could argue that such conditions should be modeled at
di�erent operating points, one would consider it an advantage if the same nu-
merical model could adequately represent both physiological and pathological
conditions.

Three representative conditions were simulated: a 10-fold increase in PRPP;
PRPPS superactivity; and HGPRT de®ciency. The ®rst simulation typi®es a
rather large, but still physiological deviation from the normal operating point.
The second condition represents a persistent alteration in one of the key en-
zymes of purine metabolism. Clinically, this situation is accompanied by an
overproduction of UA and gout. Mathematically, it is implemented as a two-
fold increase in the activity of the ®rst enzyme of the pathway, PRPPS (cf.
Fig. 1). Such an increase is outside the typical range for which local approxi-
mations are guaranteed, even though power-law models have accurately mod-
eled other phenomena of a similar type and magnitude of variation. The third
situation exempli®es a drastic change in metabolism. Clinically, HGPRT de®-
ciency is characterized by overproduction of UA and gout and, depending on
the severity of the de®ciency, by spasticity, choreoathetosis, mental retardation
and self-mutilation, a symptom complex that is often referred to as Lesch±Ny-
han syndrome [52]. Mathematically, the de®ciency is implemented by decreas-
ing the enzyme activity 100-fold. Such a deviation is far beyond the range of
local deviation, and thus constitutes a test for the models outside the mathe-
matically guaranteed range.

4.3. Simulation of a 10-fold increase in PRPP

For this type of simulation, the models are initiated with all metabolites at
their physiological steady-state level. At time t0, the concentration of PRPP is
raised to a 10-fold increased value, and the models are solved numerically to
show the dynamics of the metabolic system. Representative results of this set
of simulations are shown in Fig. 2. Even though the concentration of PRPP
is rather drastically increased by a factor 10, the three models seem to re¯ect
the e�ects consistently. After a strong initial response (e.g., as shown in
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Fig. 2 for IMP and HX), the system returns to the original, normal steady
state.

Fig. 2 demonstrates that all three models have similar characteristics. In ac-
cord with earlier studies [14], the responses of the S-system and CMM models
resemble each other more than those of the GMA and CMM models, but the
di�erences may not be signi®cant.

Other simulations of this type were executed and produced similar results.
This suggests that the three models show similar dynamics as long as the per-
turbations are within a physiological range. There are no clinical data with

Fig. 2. Dynamic responses to a 10-fold increase in PRPP. At t� 10, PRPP was changed from 5 to

50 lM. Solid lines show predictions of the CMM model, dashed lines predictions of the GMA mod-

el, and dotted lines predictions of the S-system model. (a) Dynamic response of IMP (X2). (b) Dy-

namic response of hypoxanthine (X13).
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which to compare these dynamic responses quantitatively, but all observed sys-
tem behaviors appear to be reasonable.

4.4. Simulation of PRPPS superactivity

To simulate PRPPS superactivity, Vvivo in the CMM model and the rate
constants in the power-law models (GMA and S-system) were increased two-
fold. Some representative results are shown in Table 8, along with clinical ob-
servations. Since in this case a parameter value is changed, as opposed to an
initial value in the previous set of simulations, the models assume new steady
states. Again, results from the three models are quite similar, with the two pow-
er-law models being essentially indistinguishable. The results of all three mod-
els appear to be supported by the few available clinical observations. This is
interesting to note, since the three models are based on di�erent types of ap-
proximations and underlying assumptions. Also noteworthy is the fact that
the issue of aggregation, which is the landmark distinction between GMA
and S-system models, is inconsequential, even though the deviation from the
operating point is extensive.

4.5. Simulation of severe HGPRT de®ciency

HGPRT de®ciency was modeled by reducing the activity of the enzyme to
1%. This was achieved by a 100-fold decrease in Vvivo for CMM and in the rate
constants of vhprt and vgprt for GMA. In the S-system model the de®ciency was
simulated in two di�erent ways: (i) by introducing the enzyme HGPRT as an
independent variable of the model, and (ii) by multiplying the corresponding
alphas and betas of the a�ected rate laws with the de®ciency factor (0.01),
raised to the aggregated kinetic order of the enzyme. As expected, both proce-
dures yielded the same results.

Table 8

Predictions of concentration and ¯ux values in a simulation of PRPPS superactivity with the three

models (units are (lM) for concentrations and (lM minÿ1 BWÿ1) for ¯uxes)

Variables Operational

point

PRPPS superactivity

GMA S-system CMM Clinical Reference

PRPP 5 7.8 7.8 8.2 13±29 [79]

vden 2.39 4.7 ) a 4.8 4.7±12.4 [79]

X13 (not HX) 10 41 47 90 30 [74]

X14 or Xa 5 15 15 18 10 [74]

UA 100 131 132 126 300 [74]

a The ¯ux of vden cannot be obtained from the S-system model since it is part of the aggregated ¯ux

of PRPP degradation and IMP synthesis.
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Some representative simulation results from the three models are shown in
Table 9, along with clinical measurements in Lesch±Nyhan patients. Also, crit-
ical ¯uxes are modeled by all three models with reasonable accuracy, as far as
can be judged in comparison with clinical ®ndings. However, some of the new
steady-state values are unacceptable. In comparison with clinical observations,
GMA performs better than either CMM or S-system. For instance, the CMM
model overestimates the inosine concentration by about threefold and hypo-
xanthine excretion by 30-fold. The reasons for this are unclear. As pertains
to the S-system, the aggregation apparently is no longer an appropriate proce-
dure, and the S-system model breaks down, because of the large deviation from
the operating point. This breakdown is not a structural all-or-nothing problem,
but a gradual process, as is evident from simulations of mild HGPRT de®cien-
cies, which are modeled with an accuracy similar to that in the PRPPS super-
activity studies above (data not shown). In the case of severe HGPRT
de®ciency, the activity approaches very small values, and this has a strong im-
pact on the aggregated product of power-law functions, thereby yielding the S-
system representation unsatisfactory.

One can only speculate about the apparently good quality of the GMA
model. Even though mathematically this is a local model, it seems to capture
the dynamics of purine metabolism not just close to the chosen operating point,
but over a very large range of conditions. Outside `lucky coincidence', the ®rst
explanation that comes to mind is that the power-law representation of an in-
dividual reaction step or ¯ux may indeed be a valid description of the process
in nature, not just in a con®ned, approximate sense, but over the entire relevant

Table 9

Predictions of concentration and ¯ux values in a simulation of HGPRT de®ciency with the three

models constructed (units are (lM) for concentrations and (lM minÿ1 BWÿ1) for ¯uxes)

Variable Operational

point

HGPRT de®ciency

GMA S-system CMM Clinical Reference

X1 or PRPP 5 7.1 11.0 7.2 ) )
X13 (not HX) 10 70.6 1185.7 207 71 [80]

X14 or Xa 5 22.5 133.9 23 15 [80]

X15 (not Gua) 5 9 13.3 9.9 ) )
X16 or UA 100 145.7 226.6 129 150 [81]

vgua 1.1 1.47 ) a 1.5 ) )
vhxd 1.23 4.4 ) a 3.2 ) )
vxd 2.3 5.3 14.0 4 7±14 [52]

vhx 0.05 0.44 ) a 1.5 0.45 [80]

vx 0.03 0.6 ) a 0.65 0.27 [80]

vua 2.3 5.3 14.0 4 7±14 [52]

a These non-aggregated ¯uxes cannot be obtained from the S-system model.
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range of physiological and pathological variation. This explanation would be
in line with measurements by Kohen et al. [48,49].

4.6. Issues of aggregation

Tables 8 and 9, and Fig. 2, demonstrate that the three models show similar
results for small variations about the operating point, whereas they di�er for
large deviations. Previous comparisons between GMA, S-system and Michael-
is±Menten rate laws had shown that S-system models generally agree with Mi-
chaelis±Menten models more closely than GMA models, if the metabolites and
modulators remain within physiologically relevant ranges [14]. These earlier re-
sults are con®rmed here for the complex and more realistic model of purine me-
tabolism, as shown with the ®rst two sets of simulations (Table 8 and Fig. 2).

For large variations, at least for those demonstrated here with the simula-
tion of HGPRT de®ciency, the S-system model appears to be inferior, predict-
ing metabolite concentrations that are at variance with those observed
clinically and predicted by CMM and GMA (Table 9). This discrepancy can
be interpreted in two ways. On one hand, it is a consequence of violating the
fundamental assumption of any Taylor approximation (which underlies the
S-system model) that the variable of interest should not deviate from the oper-
ating point too much, lest the quality of approximation su�ers. On the other
hand, it can be seen as a direct result of the aggregation strategy that di�eren-
tiates S-system and GMA.

To evaluate the latter, let us recall the de®nitions of the S-system parameters
in Eq. (6). This equation shows that the aggregated parameters in S-systems
are composed of kinetic orders of GMA (fir ), which can be expected to remain
constant from one steady state to another, and of ¯uxes (mir and mis ) which ac-
tually change from one steady state to another. An example is the S-system
model parameter h14;14 which in fact is a function of two GMA kinetic orders
and two ¯uxes

h14;14 � fxd14vxd � fx14vx

vxd � vx
:

In order to calculate the new values of h14;14 in the S-system, we need actual ¯ux
values of vxd and vx. The S-system structure directly provides the value of vxd

which is equivalent to the synthesis of UA, but it does not provide the value
of vx because it is aggregated with vxd into the degradation of Xa. To circum-
vent this problem, we introduce an ancillary variable (X19) which collects the
fraction of xanthine that is degraded via the excretory pathway vx and that,
in turn, is degraded by only one step (vex). vx is characterized by the same ki-
netic parameters as before, and the parameters of vex are chosen to balance
the degradation of the new variable and its synthesis: fex19� 0.5 and
aex� 0.009486. As to be expected, the introduction of the new variable did
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not change any other property of the model but allowed us to evaluate the ¯ux
of vx in the S-system simulations.

The values of the kinetic orders used for the computation of h14;14 can be
found in Table 4, and values of the ¯uxes at the operating point in Table 3.
These values lead to the S-system parameter h14;14� 0.568. However, when
we alter the model, the values of vxd and vx may change, and so does h14;14.
For instance, the S-system simulation of PRPPS superactivity implies a value
of vx� 0.2832 which, together with the ¯ux vxd� 4.2643 and the kinetic orders
in Table 4 results in h14;14� 0.6403, a value which is close to the value (0.568)
estimated at the operating point. In contrast, simulation of HGPRT de®ciency
with the S-system model yields vx� 21.5 which, together with the ¯ux vxd� 14
and kinetic orders of Table 4, yields h14;14� 1.43, a value three times higher
than the value estimated at the operating point. This di�erence is directly re-
sponsible for the large concentration of xanthine that is predicted by the S-sys-
tem model. The same argument (for the kinetic order h13;13) explains the large
and unphysiological accumulation of HX predicted by the S-system model for
HGPRT de®cient subjects (data not shown).

The case of HGPRT de®ciency also demonstrates that the inaccuracy in the
¯ux stoichiometry of S-system models can become signi®cant for large devia-
tions from the operating point. For example, we ®nd vx� 21.5 and vxd� 14.0,
whereas the ¯ux of degradation of Xa is only 15.1. In the case of PRPPS super-
activity, by contrast, the corresponding values in the S-system model are
vx� 0.2832 and vxd� 4.2643, and the ¯ux of degradation of Xa is 4.4113, which
is reasonably consistent even for the 200% increase in the activity of PRPPS.

The GMA kinetic orders (f) also depend on the chosen operating point, and
their values are determined by the steady state of the system. Similarly, the ki-
netic parameters (KM ) in the CMM model are `apparent' KM s, and their values
can vary with di�erent conditions of the system in vivo. It is di�cult to assess
how strongly GMA or CMM parameters are a�ected by such changes. The
GMA model, and to a lesser degree the CMM model, produces results that
are quite similar to those measured in patients. Nevertheless, only one pathway
is analyzed here, and further experimental and theoretical work is necessary to
evaluate the reliability of these models in vivo.

Within the class of power-law models, S-system models have advantages
when it comes to algebraic analysis. They are unique with respect to steady-
state analysis [13] and optimization [53] and provide convenient tools for qual-
itative analysis [54]. For moderate variations about the operating point, their
accuracy is usually su�cient. Their lack of accuracy in modeling situations
such as severe HGPRT de®ciency can be argued by asserting that an HGPRT
de®cient subject constitutes a metabolic system that is vastly di�erent from nor-
mal, and that a new operating point should be selected for modeling such dis-
order. After all, a normal subject does not gradually become HGPRT de®cient.
We tested this hypothesis by using the same S-system model for both normal
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and HGPRT de®cient subjects and adjusting the parameter values to either one
of the two steady states. As in the case of normal subjects, the S-system, the
GMA, and the CMM models indeed produced very similar results for pertur-
bations about the HGPRT de®cient steady state (not shown). For instance, all
three modeled perturbations in PRPP in a Lesch±Nyhan patient in a quantita-
tively similar fashion.

5. Discussion

This paper served two purposes. The ®rst part was dedicated to screening
the literature and extracting kinetic information that is necessary for any math-
ematical modeling of purine metabolism. This quite laborious exercise com-
prise both a conceptualization of the target system, which yield a scheme of
metabolic relationships and regulatory signals, and an exhaustive search of rel-
evant data. This process has been presented in detail so that future research can
build upon it and replace current knowledge with new or ®ne-tuned results.

A large amount of material was collated, of which most is presented in Ap-
pendix A. This material is considered an important contribution, since it is use-
ful not only for reproducing our results but also for designing other models of
this pathway. There is no doubt that much is unknown about the biochemistry
of purine metabolism, and as new data become available, they can be gradually
incorporated into the parameter estimates presented here. Thus, the ®rst part
of this paper is largely independent of a particular modeling framework, even
though we concentrated on standard procedures of traditional enzyme kinetics
and more modern methods of BST. Nonetheless, other modeling approaches
would require similar kinetic data.

The second part served the purpose of selecting a model for further analysis.
While not shown, this was a several-year process involving numerous model re-
visions and re®nements (for a detailed account, see Ref. [19]). At each stage,
the current model was tested for consistency, stability, and robustness, and spe-
ci®c re®nements were implemented to alleviate former problems. These re®ne-
ments were usually introductions of ¯uxes or variables that had been assumed
secondary in previous versions. Particular care was applied to these re®ne-
ments, in order to assure biological validity and relevance.

In this process, the analytical tools developed in BST, specially the compu-
tation of parameter sensitivities and steady-state stability conditions, were fun-
damental in identifying potential unrealistic assumptions in the model. While it
was not the purpose of this paper to provide detailed information about the
process of designing the model, the process in itself revealed which variables
a�ect the global behavior of the model most signi®cantly. For example, the in-
clusion of SAM, RNA and DNA turned out to be the key to improving the
robustness of the model. Accounting for excretion of purines (vade, vhx, and
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vx) became critical, as it prevented the unphysiological accumulation of purine
bases in several situations. By contrast, the addition of the ¯ux vpyr turned out
to be almost inconsequential.

As in any modeling e�ort, we had to make several assumptions. The most
critical are the following:

(i) The metabolites inside each pool were considered to be in equilibrium.
Even though there is no real equilibrium between ATP and ADP (or other
pairs of adenylates), there is experimental evidence that the energy charge is
fairly constant under di�erent physiological conditions. This suggested to con-
sider ATP and ADP as if they were in equilibrium.

(ii) Several linear chains of reactions were lumped into single processes (e.g.,
vden, vpolyam, and vtrans). This appeared to be legitimate, since it was demonstrat-
ed that the properties of the linear chain are closely related to those of the ®rst
step.

(iii) For this ®rst analysis, we ignored the physiological compartmentalizat-
ion of the human body. This was done to avoid overwhelming complexity, but
it is clear that the consequences of this simpli®cation should be analyzed. Be-
cause at the level of the whole human body, this assumption seems more risky.
However, it should be seen as a conceptual election so that we can approach
the analysis of purine metabolism as an integrated process. From the know-
ledge gained following this strategy, further improvement could include di�er-
ent compartments to produce a more realistic model.

Once a conceptual model was stablished, the challenge is to build up a math-
ematical model that allow us: (i) to validate the conceptual model; (ii) to dis-
cuss the system properties; and (iii) to predict speci®c features of the target
metabolic pathway. The election of a particular framework for obtaining such
a model is a di�cult task. As a traditional standard, we attempted to develop a
Michaelis±Menten model. However, this was not possible in a pure form, since
some necessary information was simply not available in terms of kinetic pa-
rameters which are the characteristic elements for these types of models. Where
possible (about half the time), reactions were formulated as kinetic rate laws of
Michaelis±Menten type, and these were complemented with power-law kinetics
in order to obtain a useable simulation tool. The lack of information, and the
fact that our reactional scheme included di�erent processes that were not single
enzyme reactions but a pool of di�erent processes, suggested the use of model-
ing strategies speci®cally devised for dealing with these situations. The S-sys-
tem and GMA variants within BST were specially suited for this case.

Two types of power-law models were developed within the framework of
BST. The kinetic parameters for these models were either derived from kinetic
data in vitro or directly from experimental concentration and ¯ux data and
other qualitative information. The possibility of deriving useful estimation of
the desired kinetic data from these assumption is one of the advantages of
the modeling strategies in BST. Furthermore, the possibility of testing the mod-
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el sensitivity towards any of the considered parameters is a valuable help for
checking how critical is the choice of a particular parameter value from qual-
itative assumptions. The resulting GMA and S-system models are robust to pa-
rameter variation, so that the system properties would not signi®cantly change
with a slightly di�erent choice in the parameter values.

For relatively small variations in metabolites or in model structure, all three
models behaved quite similarly, and all results appeared to be reasonable and
in accord with biochemical and clinical ®ndings. The permissible ranges of de-
viation from normal operating conditions appeared to be wide enough to cover
all physiological and mildly pathological conditions.

As one can see in Tables 8 and 9 for severe pathological conditions, the
GMA model produced reasonable results, even if the system deviated far from
the operating range. This observation is quite amazing, since the GMA model
is based on local approximation. The GMA structure seems to cover a wide
range of physiological and pathological conditions with one and the same nu-
merical model, which was derived almost without further assumptions and ex-
clusively from published data. Outside serendipity, a cautious explanation of
this result may be that, for all practical purposes, metabolic processes in vivo
follow power-law kinetics.

The results in Tables 8 and 9 are not only important for future decisions
about model selection in similar situations, but they are biochemically important
in themselves. For example, Table 9 suggests the investigation of some conse-
quences of HGPRT de®ciency that may not have been documented in the liter-
ature, such as increases in Gua and in the ¯uxes vgua and vhxd. Some of these
issues are discussed elsewhere, but it is clear that models of the documented com-
plexity will require further extensive experimental and mathematical evaluation.
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Appendix A

A.1. Estimates of kinetic parameters for each reaction of the pathway

vprpps: R5P + ATP ® PRPP + AMP
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PRPP (X1) inhibits its own formation. According to Ref. [82], PRPP in a
concentration of 1 mM inhibits vprpps at 19%. Thus,PRPPfprpps1 � 1ÿ 0:19
and fprpps1 � ÿ0:03.

Ref. [82] also asserts that AMP and ADP in a concentration of 1 mM inhibit
the reaction at 53% and 92%, respectively. Applying the procedure shown
above, we obtain fprpps;AMP�)0.1 and fprpps;ADP�)0.36. Finally, ATP is a co-
substrate of this reaction with a KM that is higher than 14 lM. Derivation and
normalization of Eq. (2), using this KM and the corresponding steady-state
concentration for ATP (see Table 1), implies that fprpps;ATP� 14/
(14 + 1900)� 0.007. As was explained before, fprpps4 is the sum of all kinetic
orders associated with metabolites that constitute X4: fprpps4�)0.45.

Metabolites of the guanylate pool also inhibit this reaction. Ref. [82] found
that 1 mM of GMP or GDP inhibits the reaction at 3% or 24%, respectively.
Thus, fprpps;GMP�)0.004, fprpps;GDP�)0.04, and fprpps8�)0.04.

According to Ref. [83], the apparent KM for phosphate is 3.3 mM, and this
yields fprpps18� 0.7.

With KM � 33 lM for R5P, [69,84], the kinetic equation for vprpps reads

vprpps � VVIVO�PRPPS� X17

KM � X17

X
fprpps1

1 X
fprpps4

4 X
fprpps8

8 X
fprpps18

18 :

vden:
As explained in the text, the parameters of this step can be estimated from

the rate law of the ®rst enzyme of the de novo pathway, which is amid-
ophosphoribosyltransferase. The reaction catalyzed by this enzyme is

PRPP� glutamine�H2O! bÿ5ÿphosphoribosyl-1-amine

� glutamic acid� PPi:

This reaction exhibits cooperative kinetics with respect to the substrate PRPP.
According to Ref. [85], the KM of PRPP varies between 140 and 480 lM, and
the Hill coe�cient (n) between 2 and 3, depending on the tissue. We selected the
values KM � 300 and n� 2.2.

Ref. [86] demonstrated that GMP, GDP and GTP in a concentration of
5 mM inhibit the reaction at 70%, 40% and 13%, respectively. This implies
fden;GMP�)0.1413, fden;GDP�)0.06, and fden;GTP�)0.016. Adding these values
yields fden8�)0.2.

Constituents of the adenylate pool also a�ect the reaction: AMP, ADP and
ATP inhibit at 76%, 40% and 21%, respectively [86]. These results suggest
fden;AMP�)0.1675, fden;ADP�)0.06, and fden;ATP�)0.028, which yields essen-
tially fden4�)0.25.

5 mM IMP inhibits the reaction at 41% [86]. This yields fden2�)0.06.
Ref. [87] showed that Pi inhibits vden by changing the Hill coe�cient of

PRPP for this kinetics, taking the values of Hill coe�cients reported at 0,
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25, and 50 mM, one obtains the strength of inhibition of Pi at these concentra-
tions, which suggests fden18�)0.08.

Summarizing these data, we obtain the complete kinetic rate law

vden � VVIVO�DEN� X n
1

KM � X n
1

X fden2

2 X fden4

4 X fden8

8 X fden18

18 :

vgprt: Gua + PRPP ® GMP + PPi
This enzyme is reversible. However, it is thought that the enzyme in vivo

only catalyzes the reaction in the direction indicated above. To account for
these uncertainties, we considered the reaction as essentially irreversible, but al-
lowed for inhibition by the product GMP. The kinetic rate law was thus rep-
resented as suggested by Ref. [88]

vgprt �
VVIVO�GPRT� ABÿ PQ KiAKiB

KiPKiQ

� �
KBKiA �AKB � BKA �AB� P KiAKB

KiP
�Q KBKiA

KiQ
� PQ KiAKB

KiQKP

� ABP 1
KiP

� �
� BPQ KA

KiQKP
�AP KB

KiP
� BQ KA

KiQ

:

In this formulation, A, B, P, and Q code for PRPP, Gua, Pyrophosphate and
GMP, respectively. Their concentrations were estimated at the operating point.
For pyrophosphate, the concentration was set as 15 lM [89], and the KA, KB,
KiP, and KiQ were set as 240, 4, 2100, and 1.25 lM. The remaining three param-
eters, KP, KiA and KiB could not be estimated from data. However, it turned out
that KP has almost no in¯uence on the system (results not shown), and we se-
lected a value of KP� 1000 lM. KiA and KiB are the inhibition constants of
PRPP and Gua, respectively. These again had little e�ect on the results, and
we selected values of KiA and KiB� 4 and 1 lM, respectively, which are close
to the concentrations of the associated metabolites.

vhprt: HX + PRPP ® PPi + IMP
This reaction and the vgprt reaction are catalyzed by the same enzyme, hypo-

xanthine-guanine phosphoribosyltransferase (HGPRT). The same questions
about reversibility apply, and they are handled in the same fashion. An appro-
priate rate law, according to Ref. [90], is

vhprt �
VVIVO�HPRT� ABÿ VrKiBKA

Vf KiQKP
PQ

� �
KiBKA

KiAKiQKP
APQ� KiBKA

KiQKP
PQ� KB

KiP
AP� KB

KiQ
QA�AB� KiBKA

KiP
P� KiBKA

KiQ
Q

�KBA� KAB� KAKiB

:

The symbols A, B, P, and Q represent HX, PRPP, IMP and Pyrophosphate,
respectively, and the constants KA, KB, KP, KQ, KiB, KiP, KiQ are 7.7, 66, 5.8,
39, 25, 40, and 260 lM. The constant KiA has not been experimentally deter-
mined. However, because model evaluations demonstrate that outputs are
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practically una�ected when the parameter KiA is varied between 1 and 200, we
used a KiA� 10 lM [1] and a concentration of 15 lM for PPi [89].

vaprt: Ade + PRPP ® AMP + PPi
This enzyme is similar in type to hypoxanthine-guanine phosphoribosyl-

transferase. It also could possibly catalyze a reversible reaction, although the
reverse reaction seems irrelevant in vivo. To account for this uncertainty, inhi-
bition of the product AMP has been included.

The substrate PRPP has a KM close to 6 lM [29,91,92], and we select
KM � 5 lM.

The KM for Ade has values between 1.1 and 5.2 lM [29,91,92]. This implies
faprt;Ade between 0.5 and 0.83, and we set faprt6� 0.75.

The Ki for AMP is between 7.5 and 30 lM [29,93]. Inhibition is competitive
with respect to PRPP, and this suggests that faprt;AMP should range between
)0.76 and )0.96. Selecting faprt4�)0.8, we obtain the rate law

vaprt � VVIVO�APRT� X1

X1 � KM
X faprt6

6 X faprt4

4 :

vpyr:
Because the initial enzyme in the synthesis of pyrimidines is also a phosphor-

ibosyltransferase, it seems reasonable to assume that its kinetic parameters are
similar to those of vhprt, vgprt or vaprt. We roughly estimated the value of fpyr1 as
an average of fgprt1, fhprt1, and faprt1, which yielded fpyr1� 1.27. It is shown else-
where [19] that sensitivities of variables to this parameter have low values. The
kinetic properties of this step are re¯ected in the power function rate law

vpyr � apyr X
fpyr1

1 :

vimpd: IMP + NAD + H2O ® XMP + NADH
Ref. [94] published a table of KM values for this enzyme in di�erent tissues:

for example, in Yoshida tumor cells 12 lM, in human placenta 14 lM, and in
human leukemia cells 23 lM. For our model, we chose an average value of
KM � 17.

XMP and GMP inhibit the enzyme by competing with IMP. The Ki for
XMP is 25 lM and for GMP it is 90 lM [94,95]. The kinetic rate law for com-
petitive inhibition suggests fimpd;GMP�)0.03 and, thus, fimpd8�)0.03.

vimpd � VVIVO�IMPD�X2

KM 1� X7
1

KI�XMP�

� �
� X2

X
fimpd8

8 :

vgmps: XMP + ATP + glutamine ® GMP + AMP + PPi + glutamate
The published value of KM � 270 lM for ATP [96] suggests the parameter

value fgmps4� 0.12. Moreover, the KM for XMP is 4.9 lM [96], which yields
the kinetic equation
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vgmps � VVIVO�GMPS� X7

X7 � KM
X

fgmps4

4 :

vasuc: IMP + L-aspartate + GTP ® S-AMP + GDP + Pi
The enzyme comes in the form of two isoenzymes (L and M) that have dif-

ferent kinetic characteristics [97]. A rigorous assessment of the contributions of
each isozyme is di�cult, and we use an average of KM � 66.6 [97,98]. GTP and
Asp are cosubstrates for this reaction. Aspartate is not included in the model,
but an average KM for GTP [97,98] suggests fasuc;GTP� 0.2, and thus fasuc8� 0.2.

Adenylates in general, and AMP in particular inhibit this reaction compet-
itively with respect to IMP. Using a Ki value of 170 lM for AMP and a KM of
37 lM for IMP [98] in the traditional rate law for competitive inhibition, one
obtains fasuc;AMP�)0.24 and, thus, fasuc4�)0.24.

Finally, Pi in concentrations of 2 or 20 mM inhibits the enzyme at 20% and
59%, respectively [99]. This is represented with the parameter setting
fasuc18�)0.05.

Summarizing these results, an appropriate rate law is

vasuc � VVIVO�ASUC� X2

KM � X2

X fasuc4

4 X fasuc8

8 X fasuc18

18 :

vasli:
This enzyme catalyzes two reactions of purine metabolism. One of them, the

reaction of vasli, is speci®cally depicted in Fig. 1.

S-AMP ® AMP + fumarate
AMP acts as a competitive inhibitor of the enzyme with a Ki of 9.2 lM for

AMP [100]. With KM � 1.79 lM for S-AMP [100], the appropriate kinetic rate
law is

vasli � VVIVO�ASLI� X3

KM 1� X4
0:08
KI

� �
� X3

:

The second reaction constitutes one of the steps in the ten step pathway of
de novo purine synthesis (vden). This reaction is rather insigni®cant, and we do
not consider it here.

vgmpr: GMP + NADPH M IMP + NADP + NH3

The substrate GMP has a KM of 7.5 lM [101], which corresponds to
fgmpr;GMP� 0.23. This e�ect of a guanylate is augmented by the activation of
the enzyme by GDP and GTP. 2 lM of GTP or GDP activate the enzyme
at 22% or 13%, respectively [101]. Thus, fgmpr;GTP� 0.29 and fgmpr;GDP� 0.18
which, added to fgmpr;GMP, yields fgmpr8� 0.7. XMP is a potent inhibitor of
the enzyme: 33 lM of XMP inhibit the enzyme at 93% [102]. This is repre-
sented with the setting fgmpr7�)0.76.
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vgmpr is a reversible step, in which the product (IMP) inhibits the enzyme.
IMP in a concentration of 33 lM inhibits the enzyme at 30%, and 330 lM in-
hibits at 70% [102], which suggests a value for fgmpr2 between )0.1 and )0.2. We
use the average fgmpr2�)0.15.

Adenylates inhibit the enzyme less strongly than guanylates. In a concentra-
tion of 33 lM, AMP inhibits the enzyme at 5%, ADP at 7% and ATP at 11%
[102]. This implies fgmpr;AMP�)0.01; fgmpr;ADP�)0.02, fgmpr;ATP�)0.04, and
fgmpr4�)0.07.

The kinetic rate law of this reaction in power-law form is thus

vgmpr � agmpr X
fgmpr2

2 X
fgmpr4

4 X fgmpr7

7 X
fgmpr8

8 :

vampd: AMP ® IMP + NH3

This enzyme exhibits cooperativity with respect to its substrate AMP. This
suggests a Hill rate law whose parameters are appropriately chosen as
KM � 2300 lM and n� 1.4 [103±106]. GTP inhibits the enzyme, thereby a�ect-
ing the apparent KM and n [105]. The result is a smaller reaction rate with an
approximate kinetic order fampd8�)0.03.

Pi is an inhibitor of this enzyme with a Ki of 16 mM in human kidney [106].
2.5 mM of Pi decrease the ¯ux from 24.79 to 13.71 in human heart [105], and
1.8 mM inhibit the reaction in human erythrocytes by 50% [104]. These data
correspond to kinetic orders of fampd18 of )0.08, )0.075, and )0.1, respectively,
and we specify the parameter as fampd18�)0.1.

The appropriate kinetic rate law is thus

vampd � VVIVO�AMPD��X4 0:08�n
KM � �X4 0:08�n X

fampd8

8 X
fampd18

18 :

vmat: methionine + ATP ® SAM + Pi + PPi
The KM of this enzyme for ATP is 450 lM [63]. The enzyme is inhibited un-

competitively by SAM with a Ki between 2 and 2.9 lM [63], which suggests a
kinetic order of fmat5�)0.6. The kinetic rate law is thus

vmat � VVIVO�MAT� X4 0:76

X4 0:76� KM
X fmat5

5 :

vtrans: protein + SAM ® methylated protein + S-adenosyl-L-homocysteine
For this transmethylation pathway we use the kinetic parameters of the ®rst

enzyme (protein carboxyl methyl transferase) which has a KM for SAM of 2 lM
[63,107]. This yields the following rate law:

vtrans � VVIVO�TRANS� X5

KM � X5

:
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vpolyam:
This pathway, like vden and vtrans, includes several enzymes. As discussed be-

fore, it is justi®ed to use the kinetics of the ®rst enzyme in the pathway (S-ad-
enosyl-methionine decarboxylase) which catalyzes the step

SAM ® decarboxilated SAM
Decarboxylated SAM is subsequently transformed into 5-methylthioadeno-

sine, which in turn is the substrate for the linear polyamine pathway that even-
tually produces Ade. The KM of SAM decarboxylase for SAM is 50 lM [108].
This yields the kinetic rate law

vpolyam � VVIVO�POLYAM� X5

KM � X5

:

vinuc: IMP + H2O ® Ino + Pi
There is a large variety of 50-nucleotidases. Among them, the 50-nu-

cleotidases (E.C. 3.1.3.5.) hydrolyze nucleotides to nucleosides with some resid-
ual activity for hydrolyzing deoxynucleotides. Others (50(30)-nucleotidases
E.C.3.1.3.31.) hydrolyze deoxynucleotides to deoxynucleosides with some re-
sidual activity for hydrolyzing nucleotides. The nucleotidases determine the ki-
netic parameters vinuc, vgnuc, and vdgnuc. Among the 50-nucleotidases, several
subkinds need to be distinguished. The ecto 50-nucleotidases have a high speci-
®city for AMP and a lesser speci®city for IMP and GMP, whereas the cytosolic
50-nucleotidases have a higher speci®city for IMP and GMP. For our purposes,
we focussed on the kinetic parameters of the more relevant cytosolic 50-nu-
cleotidase-II for vinuc and vgnuc [109]. Assuming a Michaelis±Menten mecha-
nism, the values of KM of this enzyme for IMP are somewhat higher than
400 lM [109±111].

Pi is an inhibitor of the enzyme: 1 mM Pi increases the KM from 200 to
4800 lM, [111], which corresponds to a concomitant tenfold decrease in the
¯ux rate, thus suggesting finuc18�)0.36. Based on these experimental data,
the appropriate kinetic rate law is

vinuc � VVIVO�INUC� X2

KM � X2

X finuc18

18 :

vgnuc: GMP + H2O ® Guo + Pi
For this enzyme we also assume a Michaelis±Menten mechanism with the

kinetic parameters of cytosolic 50-nucleotidase-II. Data [109±111] suggest a
KM for GMP of about 700 lM.

Pi inhibits this enzyme, changing the KM from 700 to 7900 lM [111]. The
appropriate kinetic order is fgnuc18�)0.34, and the resulting rate law is

vgnuc � VVIVO�GNUC� X8 0:0625

X8 0:0625� KM
X

fgnuc18

18 :
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vdgnuc: dGMP + H2O ® dGuo + Pi
Again, we assume a Michaelis±Menten mechanism with kinetic parameters

for 50(30)-nucleotidases, because it seems that this enzyme catalyzes the reaction
in vivo. The KM of this enzyme for dGMP is very high, with a value over
3.3 mM [112]. This yields the following rate law:

vdgnuc � VVIVO�DGNUC� X10 0:0333

KM � X10 0:0333
:

vgdrnr: GDP + NADPH ® dGDP + NADP + H2O
Diribonucleotide reductase is an allosteric enzyme that is modulated by

deoxynucleotides. There are di�erent kinds of this enzyme, but the human en-
zyme is in the same class with that of other mammals and of E.coli. The esti-
mation of kinetic orders was based on data from calf thymus [113].

The KM of this enzyme for GDP is 50 lM [113]. dATP is a potent inhibitor
of this reaction, but its kinetic order is di�cult to estimate. We used the equa-
tion fgdrnr;dATP� d(log vgdrnr)/d ([dATP]) [dATP]0 to estimate it, and with nu-
merical values obtained from [113], we obtained the kinetic order fgdrnr9�)1.2.

Similarly, dGTP is an inhibitor whose kinetic order is di�cult to estimate.
Again using data from the study by Ref. [113], we graphed the logarithm of
vgdrnr against the logarithm of the concentration [dGTP]. After removing ob-
vious outliers, the slope of the regression line was )0.39, with a correlation co-
e�cient of 0.9999. Hence, fgdrnr10�)0.39.

The appropriate kinetic rate law is

vgdrnr � VVIVO�GDRNR� X8 0:1875

KM � X8 0:1875
X

fgdrnr9

9 X
fgdrnr10

10 :

vadrnr: ADP + NADPH ® dADP + NADP + H2O
The same enzyme catalyzes vadrnr and vgdrnr, but the kinetics of the reactions

di�er quite signi®cantly. According to Ref. [113], the KM for ADP is about
44 lM. 5 lM of dATP inhibits vadrnr at 50% [113], and this produces an ap-
proximate kinetic order of fadrnr9�)0.3.

dGTP in this case acts as an activator of the reaction. Its kinetic order was
estimated from Ref. [113] as fadrnr;dGTP� d(log vadrnr)/d(log [dGTP])� 0.87.
Thus, fadrnr10� 0.87.

The resulting rate law is

vadrnr � VVIVO�ADRNR� X4 0:16

X4 0:16� KM
X fadrnr9

9 X fadrnr10

10 :

vada: Ado ® Ino + NH3

Adenosine deaminase (ADA) is an irreversible enzyme that catalyzes the
deamination of Ado to Ino and of dAdo to dIno. The enzyme apparently is
ubiquitous in all species and tissues, with KM 's for Ado in humans that range
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between 17 and 100 lM [30,31,114]. We selected a value of KM � 20 lM for the
following rate law:

vada � VVIVO�ADA� X4 0:0002

X4 0:0002� KM
:

vdada: dAdo ® dIno + NH3

This reaction is also catalyzed by ADA, with a KM for dAdo of 38 lM [114].
This yields the rate law

vdada � VVIVO�DADA� X4 0:016

X4 0:016� KM
:

varna and vgrna:
The RNA nucleotidyltransferase adds nucleotides to the RNA strands, fol-

lowing the reaction
(ATP or GTP) + RNAn ® PPi + RNAn�1

Because both ¯uxes produce essentially the same product, the kinetics of
these ¯uxes are constrained to be the same except for their rate constants. Spe-
ci®cally, to preserve the stoichiometric composition of RNA, VVIVO in varna

must be 3
2

times that in vgrna. Because the kinetic parameters of these two ¯uxes
must be equal, the same kinetic orders frnap4 and frnap8 (referring to the forma-
tion of RNA by RNA polymerase) are used in the GMA rate law of the two
reactions varna and vgrna. The KM s for ATP and GTP are 100 and 45 lM, res-
pectively [115]. These data su�ce to determine power-law kinetic orders, but as
was commented in the text, power-law parameters are insu�cient to determine
Michaelis±Menten parameters. In this case we need to determine Michaelis±
Menten parameters for a bisubstrate enzyme,

varna VVIVO�ARNA�
or � or X4 0:76 X8 0:75

KM�KA X4 0:76�KG X8 0:75�KC X8 0:75 X4 0:76

vgrna VVIVO�GRNA�
:

We still have two degrees of freedom in determining the kinetic parameters
of this reaction, so two additional constraints are needed, and we set KM and
KC � 1 lM. With these speci®cations, we obtain the values KA� 47.5 and
KG� 115.9.

vrnaa and vrnag:
Several enzymes hydrolyze nucleic acids to nucleotides and deoxynucleo-

tides: 5030-exonucleases, 3050-exonucleases, endonucleases, H ribonuclease,
and some other unspeci®c enzymes. The reactions, catalyzed by any of these
enzymes, do not have exactly the same stoichiometry. Because the ratio Ade/
Gua in RNA is constant, the kinetics of Ade and Gua must be equal, except
in the values of their rate constants, as was the case for varna and vgrna. Here,
the kinetic order representing the degradation of RNA is called frnan11. We
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set the value for this kinetic order as frnan11� 1. This parameter is discussed
elsewhere [19] in more detail, and it is su�cient to note here that changes in
this parameter do not a�ect the behavior of the system much. The power func-
tion rate law for this step of the pathway is

vrnaa VVIVO�RNAA�
or � or X frnan11

11 :
vrnag VVIVO�RNAG�

vadna and vgdna: (dATP or dGTP) + DNAn ® PPi + DNAn�1

This enzyme adds deoxynucleotides to DNA strands, and because the ratio
of added dATP and dGTP is constrained by the structure of DNA, the corre-
sponding rate law must be equal except for the rate constants, as was discussed
in the preceding case. The kinetic orders used in the two reactions are called
fdnap9 and fdnap10. The KM s for dATP and dGTP are 3 and 1.2 lM, respectively
[116]. Still, there are two degrees of freedom in the kinetic rate law for these
bisubstrate reactions, and we set KM and KC � 1 lM. With these speci®cations,
we obtain the parameter values KA� 2.58 lM and KG� 5.54 lM in the follow-
ing rate law:

vadna VVIVO�ADNA�
or � or X9 0:66 X10 0:8

KM�KA X9 0:66�KG X10 0:8�KC X9 0:8 X10 0:66

vgdna VVIVO�GDNA�
:

vdnaa and vdnag:
These two ¯uxes are constrained and pose the same estimation problems as

the degradation of RNA (see above). We made the same assumptions, specify-
ing fdnan12� 1 for both kinetic rate laws. This parameter is discussed further in
Ref. [19]. The rate law for this step is thus

vdnaaVVIVO�DNAA�
or � or X fdnan11

11 :
vdnag VVIVO�DNAG�

vhxd: HX + H2O + (NAD or O2) ® Xa + (NADH or H2O2)
The conversion of HX to Xa and subsequently to UA is irreversibly cata-

lyzed by the enzyme xanthine oxidase, if oxygen is used as the electron acceptor,
or by xanthine dehydrogenase, if NAD is the electron acceptor. These two en-
zymatic activities are carried out by the same protein which can switch from
one catalytic activity to the other. In humans, the two reactions take place only
in liver and gut, and there is no agreement about which of the activities is more
signi®cant in vivo: Some references [33] purport that the main activity rests with
xanthine dehydrogenase, while others [20] consider xanthine oxidase as more
important in vivo. For our models, we set the KM value of this enzyme with res-
pect to HX as 13 lM (cf. [117]), which yields Michaelis±Menten reaction
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vhxd � VVIVO�HXD� X13 0:7

X13 0:7� KM
:

vxd: Xa + H2O + (NAD or O2) ® UA + (NADH or H2O2)
This reaction is catalyzed by the same enzyme as vhxd. The KM s of the en-

zyme for Xa are 15.5 and 3 lM for human gut and human liver, respectively
[118], and we set KM � 6 lM in the Michaelis±Menten rate law

vxd � VVIVO�XD� X14

X14 � KM
:

vgua: Gua + H2O ® Xa + NH3

Guanase or guanine aminohydrolase is believed to be a Michaelian enzyme
with a KM for the substrate Gua of 0.56 lM in human erythrocytes [57]. This
value has been used for the Michaelis±Menten rate law

vgua � VVIVO�GUA� X15 0:1

X15 0:1� KM
:

vade:
This ¯ux represents the oxidation of Ade to 2,8-dihydroxyadenine and the

excretion of this end product and of Ade in urine. When we take values mea-
sured in vivo [65] and plot the logarithm of adenine metabolite excretion
against the logarithm of plasma adenine concentration (see Fig. 3(a)) we ob-
tain a reasonably straight line with a slope equal to fade6. The kinetic order thus
determined is fade6� 0.55, and the rate law is

vade � aade X fade6

6 :

vhx:
This ¯ux represents excretion of HX in urine and is not an enzymatic rate.

We can estimate its parameter values by solving a system of two equations. In
every steady state these values have to satisfy the condition vhx � ahx X fhx13

13 .
Also, we know that at our operating point [HX] � 7 lM and vHX� 0.05
lmol minÿ1 BWÿ1. Furthermore, it is known that in Lesch±Nyhan patients
[HX] is about 50 lM and vHX is over 0.45 lM minÿ1 BWÿ1 [80]. Substitution
of these data and solving the equations results in the kinetic order fhx13� 1.12.
The rate law thus is

vhx � ahx X fhx13

13 :

vx:
This ¯ux represents excretion of Xa in urine. As in the previous case of vhx, its

kinetic order has been determined from two equations at the operating point,
one with Xa� 5 lM and vx� 0.03 lmol minÿ1 BWÿ1 for healthy subjects, and
the other with Xa of about 15 lM and vx of about 0.27 lmol minÿ1 BWÿ1
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for Lesch±Nyhan patients [80]. With these data we obtain a kinetic order of
fx14� 2 and the rate law

vx � ax X fx14

14 :

vua:
This ¯ux represents excretion of UA by the kidneys and gut. Again, this ¯ux is

not an enzyme catalyzed reaction, which made it impossible to ®nd a kinetic rate
law in the literature. However, as most UA is eliminated in urine, it has been
possible to assess vua in vivo by measuring the concentration of UA in urine
every day. The resulting data, as obtained from [119], were represented in a

Fig. 3. Graphical representation of the regression for estimating fade6 (panel a) and fua16 (panel b) in

healthy subjects. Symbols for panel b are: (n) measurements obtained from di�erent individuals; (+)

measurements from the same individual after injections of UA.
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log±log plot (Fig. 3(b)) in which the slope corresponds to fua16, with the numer-
ical value fua16� 2.21. The Y axis in this plot does not represent the logarithm
of total concentration of UA in the human body, because these data were not
available. Instead, it represents the logarithm of plasma UA concentration,
which is assumed to be proportional to the total concentration in the human
body, and thus leads to the same slope. The appropriate rate law is

vua � aua X fua16

16 :

We have demonstrated in this section how one can construct a CMM model
from kinetic parameters and other information found in the literature. By
showing almost all steps of estimation, this section can easily be extended,
amended, or recti®ed as new data become available. The CMM estimates pro-
vided the basis for the pure power-law models in GMA and S-system form. To
construct the GMA model, we applied Eq. (4) to the CMM rate laws for all
¯uxes. The resulting kinetic orders of the GMA model are shown in Table 4.
Subsequent application of Eq. (6) to each process of synthesis or degradation
then yielded the kinetic orders of the corresponding S-system model. These re-
sults are shown in Table 5.

A.2. Estimated values of rate constants and Vvivo

The last set of parameters that need to be estimated for the three models
consists of rate constants in GMA and S-system and Vvivo in CMM. To esti-
mate these parameters we need all previously determined parameter values,
as well as the concentrations of all metabolites and the ¯ux rates at the oper-
ating point. These pieces of information allow us to solve one equation for each
rate law in which either the rate constant or Vvivo is the only unknown. Results
for CMM and GMA models are given in Table 6, and results for the S-system
model in Table 7.
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