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Abstract
Objective: In recent years, support has increased
for the notion that a subpopulation of brain tumour
cells in possession of properties typically characteristic
of stem cells is responsible for initiating and
maintaining the tumour. Unravelling details of the
brain tumour stem cell (BTSC) hierarchy, as well as
interactions of these cells with various therapies,
will be essential in the design of optimal treatment
strategies.
Materials and methods: Motivated by this, we have
developed a mathematical model of the BTSC
hypothesis that may aid in characterization of brain
tumours, as well as in prediction of effective therapeutic strategies, which can be further validated in
experimental and clinical studies. At the level of a
small number of cells, the model developed herein
is stochastic. For larger populations of cancer cells,
the model is handled from a deterministic approach.
Results and conclusions: In the stochastic regime,
importance of a relationship between the likelihoods
of two distinct types of symmetric BTSC divisions
in determining BTSC survival rates becomes apparent, consequently emphasizing the need for a set of
biomarkers that are able to better characterize the BTSC
hierarchy. At the large scale, we predict the importance
of the aforementioned symmetric division rates in
dictating brain tumour composition. Furthermore,
we demonstrate possible therapeutic benefits of
considering combination treatments of radiotherapy
and putative BTSC inhibitors, such as bone morphogenetic proteins, while reinforcing the importance
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of developing novel treatment strategies that specifically target the BTSC subpopulation.
Introduction
While prognoses for many types of cancer have improved
in recent years as diligent research has led to better diagnostic and treatment techniques, brain tumours remain
consistently devastating in both adults and children.
Cancers of the brain and spinal cord are the second most
common cause of cancer mortality in children (National
Cancer Institute of Canada data: http://www.ncic.cancer.ca).
In adults, median patient survival time following diagnosis
of the most prevalent type of brain cancer, glioblastoma
multiforme (GBM), is a dismal 6–12 months, not significantly improved upon over the last few decades (1). The
failure of standard treatment strategies consisting of
surgical resection followed by radiation and/or chemotherapy to substantially improve patient outcomes reflects
the fact that mechanisms driving human brain tumour
growth, as well as interactions of cancer cells with their
micro-environment and with therapeutics, are not yet
well understood. In order to explain clinical and experimental results, including shortcomings of conventional
treatments, much recent research has focused on the study
of brain tumour development and growth in terms of
stem cell biology.
The cancer stem cell hypothesis states that tumours
are initiated and maintained by a (typically small) subset
of cancer cells in possession of certain defining properties
of stem cells – namely, the abilities to self-renew and to
produce differentiated cells of various lineages (2). Existence of acute myeloid leukaemia stem cells has been
firmly established [see Lapidot et al. (3) and Bonnet &
Dick (4)]; more recently, putative cancer stem cells have
been identified in many solid tumours, which include
breast (5), colon (6,7) and brain cancers (8–12). In 2003,
brain tumour cells expressing the CD133 cell surface
protein marker [also found on normal neural stem cells
(13)] were identified as brain tumour stem cells (BTSC)
529

530

C. Turner et al.

based on their exclusive ability to commence and support
tumour growth (11). These CD133+ cells, isolated from
human brain tumours, were able to generate tumours with
the phenotypic signature of the original human malignancy
when transplanted in small numbers (as low as 100) into
brains of non-obese diabetic/severe combined immunodeficient mice. Importantly, CD133– cells were unable to
initiate tumorigenesis in mice, even when transplanted
in numbers on the order of tens of thousands. Such
demonstrations of tumorigenicity on xenografting into
immunocompromised mice remain the gold-standard assay
in identification and classification of cancer stem cells (14).
The unique ability of certain cells to both drive and
maintain tumour growth appears to be a function of these
cells’ capacity for two distinct types of self-renewal (15).
Stem cells can undergo symmetric self-renewal, cell division
in which both daughters possess the stem cell characteristics
of the mother stem cell, resulting in expansion of the stem
cell population, or asymmetric self-renewal in which one
stem cell (which we denote by S) and one progenitor cell
(denoted P) are produced [see, for example, fig. 2 of Dirks
(16)]. In terms of the mathematical model to be developed
herein, this translates to the assumption that symmetric
self-renewal occurs (represented schematically as S → S
+ S) with some probability r1, while with probability r2
a stem cell divides asymmetrically (S → S + P). In addition
to self-renewal, stem cells can permit symmetric proliferation, yielding two daughter progenitor cells (S → P + P)
with probability r3 = 1 – r1 – r2. The overall stem cell division
rate ρS represents the frequency with which each stem cell
undergoes any one of the aforementioned mitotic events,
and in general may depend on the cell populations.
Progenitor cells differ from stem cells in that they
have limited proliferative potential and limited ability to
differentiate. Typically, an early (relatively immature)
progenitor will divide into later (more mature) progenitors,
undergoing only several rounds of self-renewing cell
division before terminally differentiating. While the precise
mechanisms of this process are more complicated, the
important effect is an amplification of the number of
mature cells (denoted M) [these progenitor cells are
sometimes termed ‘transit amplifying’ cells (17)].
The question of how such cancer stem cells originate
is unresolved – they could potentially be the product of
genetic or epigenetic mutations in normal stem cells,
progenitors, or differentiated cells (18). While each of
these hypotheses remains viable, the first seems most likely
as stem cells have the longevity that may be necessary in
order to accumulate oncogenic mutations, and already
have functioning self-renewal pathways. Progenitors and
mature cells, on the other hand, are relatively short-lived
and would require that these self-renewal pathways become
activated (16).

While identifying the origins of cancer stem cells
remains important from many points of view, the cancer
stem cell hypothesis helps to explain certain phenomena
independent of these details. The fact that many patients
with metastasized cancer cells do not develop metastatic
disease can be accounted for by considering a paradigm
in which only the metastasis of cancer stem cells can
result in new tumour growth (18). Along similar lines,
treatments that aim to indiscriminately destroy tumour
cells in bulk may fail to consistently provide a cure because
they spare a subpopulation of cancer stem cells. Consistent
with the latter proposition is the observation that human
CD133+ glioma cells exhibit radioresistance due to
preferential activation of the DNA damage checkpoint
response – in particular, the fraction of CD133+ glioma
cells has recently been found to be enriched following
treatment with ionizing radiation, both in vitro and in the
brains of immunocompromised mice (19).
Another treatment possibility may soon emerge, as
Piccirillo et al. (20) have recently demonstrated that
certain bone morphogenetic proteins (BMPs) are capable
of inducing CD133+ human GBM cells to differentiate and
adopt a CD133– cell phenotype, both in culture and, more
importantly, in the brains of mice (20). Thus, pharmacological
application of BMPs to brain tumours may direct BTSCs
to differentiate into cells that are more vulnerable to
traditional anti-cancer treatments (i.e. radiotherapy and
chemotherapy). It is becoming increasingly clear that,
under the brain cancer stem cell hypothesis, any potentially
curative therapy must target BTSCs. The depletion of the
cancer stem cell pool via induced differentiation represents
one promising strategy. A second approach may be to
design drugs that neutralize the key mechanisms that
lend BTSCs their capacity to drive tumour growth. In
particular, recent mathematical modelling has given support
to the notion that an increase in symmetric self-renewal of
cancer stem cells is a condition necessary to explain the
observed cell populations in colorectal cancer (21).
Other such continuous cell population dynamics
models have provided insights into the dynamics of stem
cell hierarchies, including the seminal work of Wichmann
and Loeffler on the haematopoietic system (22), Michor
et al. (23) in analysing the dynamics of treatment of
chronic myeloid leukaemia, and Johnston et al. (24) on
colorectal cancer. Several groups have undertaken mathematical examinations of glioma behaviour independent of
the cancer stem cell hypothesis. Examples include the
work of Swanson and colleagues, who have applied a
reaction-diffusion model to account for the proliferation
and diffusion of a homogeneous population of glioma
cells in a heterogeneous brain domain (see, e.g. 25), and
that of Sander and colleagues, who have studied in vitro
glioma cell invasion using a continuous model in which
© 2009 The Authors
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core and invasive cancer cells are treated as distinct
subpopulations (26). The deterministic cell compartment
approach of Wichmann and Loeffler has subsequently
been adopted and modified by Ganguly and Puri to
describe brain tumour growth according to the cancer
stem cell hypothesis (27,28). Here, we instead develop a
discrete stochastic model in order to shed light on some
of the mechanisms driving brain tumour growth as well as
the implications of these mechanisms on treatment strategies.
Such an approach allows us to incorporate the inherent
stochasticity of biological phenomena and, more importantly,
allows for meaningful examination of small numbers of
cells, where a deterministic method fails. A similar technique
was employed, for example, in modelling cell populations
in normal murine epidermal homeostasis (29).

The model
Considering the three types of BTSC divisions with associated probabilities discussed above, we define p (nS, nP,
t) as the probability that there are exactly nS BTSCs and
nP progenitor cells present at time t. This probability is
governed by the following master equation:
dp(nS , nP , t )
=
dt
ρS {r1(nS − 1) p(nS − 1, nP , t ) + r2nS p(nS , nP − 1, t )
+ r3 (nS + 1) p(nS + 1, nP − 2, t ) − nS p(nS , nP , t )} (1)
+ ΓS {(nS + 1) p(nS + 1, nP , t ) − nS p(nS , nP , t )}
+ ΓP {(nP + 1) p(nS , nP + 1, t ) − nP p(nS , nP , t )},
with initial condition p (nS, nP, 0) = δ (nS , nS )δ (nP , nP ),
where nS and nP are the initial numbers of stem and progenitor cells, respectively. Note that p (nS , nP, t) is indeed
the conditional probability p (nS, nP, t | nS , nP , 0) of
observing the state (nS , nP) at time t, given ( nS , nP ) at
time t = 0. For simplicity, however, we drop the full notation
of the conditional probability [as is done, for example, by
van Kampen (30)]. The parameters ΓS and ΓP represent
rates of apoptosis of BTSCs and progenitors, respectively.
Exact solutions of equations such as eqn (1) are typically
unknown; consequently, numerical simulation is the method
of choice for obtaining solutions.
We have begun by formulating the stochastic master
equation, and our strategy will be to perform some analysis
on this before deriving from it a set of deterministic
equations describing the time evolution of the average
values of nS and nP. While a study of these deterministic
equations is particularly appropriate and efficient when
large numbers of cells are under consideration, examination of the master eqn (1) is prudent when dealing with
situations in which small numbers of cells are present,
such as may be the case in vitro and during the early stages
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of tumour formation. In these cases, stochastic fluctuations may be extremely important and cannot be
neglected. As a motivating example, Sachs et al. (31)
considered stochastic fluctuations in the number of
clonogenic tumour cells near the end of a course of radiotherapy (at which time, it is expected that the number of
such cells has been decimated to a small value). They
determined that the timing of dose delivery is important
in dictating tumour control probability, a result that would
have escaped deterministic analysis.
The difficulties in analytically solving eqn (1) are
circumvented by using the exact stochastic simulation
algorithm described by Gillespie (32). The Gillespie
algorithm is a relatively straightforward Monte Carlo-based
technique that simulates the time evolution of the populations described by eqn (1) without directly solving the
master equation. A run of the algorithm consists of
calculating the time and nature of the next event, and then
updating the system proportionately. The process is then
repeated many times (i.e. for a large number of realizations)
to obtain the relevant stochastic quantities. The Gillespie
algorithm has been extensively used in the study of chemical
kinetics for decades, and is being used increasingly in
biological frameworks, for example, in studies of gene
expression (33). Examples of probability distributions
obtained via this method are shown in Fig. 1.
An advantage of the stochastic approach is that it
allows for the possibility of a small population of cells
becoming extinct after some period of time. One quantity
of particular interest is the survival rate rsurv, which we
define as the proportion of realizations of the stochastic
process described by eqn (1) that do not result in extinction of S-type cells (and, thus, extinction of the tumour,
since we assume that P-type cells alone cannot regenerate
the tumour). Using the Gillespie algorithm to simulate
experiments in which a single stem cell is left to divide
(for various values of the parameters r1, r2, and r3), we
can plot rsurv against time (Fig. 2).
In order to understand these simulation results, we can
use a simple analytical approach to find an expression for
rsurv. Consider the birth–death process associated with
S-type cells in isolation. The only type of division that
increases the stem cell population by one is symmetric
self-renewal, which occurs with birth rate λ = ρS r1. Both
symmetric differentiation and stem cell death decrease the
stem cell population by one and, thus, we have death rate
μ = ρS r3 + ΓS. This birth–death process is governed by the
master equation (34):

dp(nS , t )
= λ(nS − 1) p(nS − 1, t ) + μ(nS + 1)p(nS + 1, t )
dt
(2)
− (λ + μ)nS p(nS , t ),
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Figure 1. Example probability distributions at time T = ρS t = 10 generated from
the master equation (eqn 1) using the
Gillespie algorithm. (a) r = r1 – r3 = 0.15 and
r2 = 0.55. (b) r = r1 – r3 = 0.20 and r2 = 0.60.

for nS ≥ 1 [with dp(0, t)/dt = μp(1, t)]. Eqn (2) can be solved
using the method of generating functions, described, for
example, by Bailey (34). We are particularly interested in
the quantity 1 – p(0, t), which is the probability that at least
one S-type cell is surviving at time t (i.e. rsurv). We find that
n
⎧ ⎛
(λ−μ )t
− 1)⎞
⎪1 − μ (e
, λ≠μ
⎪⎪ ⎜⎝ λ e (λ−μ )t − μ ⎟⎠
=⎨
n
⎪
⎛ λt ⎞
λ = μ.
⎪ 1− ⎜
⎟ ,
⎝ λt + 1⎠
⎪⎩
S0

rsurv

(3)

S0

The long-term tumour survival rate may be particularly
useful; this is found by taking the limit as t → ∝ of
eqn (3). In the particular case that ΓS is negligibly small,

nS0

we see that rsurv → 1 − (r3 / r1 ) (when r1 > r3 and 0 otherwise) as t → ∝. This is in agreement with our numerical
simulations (Fig. 2). Thus, the model makes the somewhat
encouraging prediction that the occurrence of a single
cancer stem cell will not necessarily result in a tumour,
even if the probability of self-renewal is greater than that
of differentiation. As a numerical example, consider the
case in which oncogenic transformation results in the
presence of a single cancer stem cell with characteristic
division probabilities r1 = 0.4, r2 = 0.3, and r3 = 0.3: this
cell has only a 25% chance of forming a lasting colony
(i.e. a tumour). This is in contrast to the exponential
growth that is predicted by a deterministic model
[d < nS >/dt = (λ – μ) < nS >, see also below] for the same
parameter values, again emphasizing the role of fluctuations
in small populations. It is worthwhile to comment that
© 2009 The Authors
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Another quantity of interest is the fraction of cancer
stem cells. Defining X(t) = S(t)/[S(t) + P(t)], we notice
that while the average numbers of neither stem cells S(t)
nor progenitor cells P(t) reach a steady state, the function
X(t) does. To see this, we first differentiate X(t) with respect
to time, and use eqns (4) and (5) to find that:
dX S 2 (ρS r − ρS ) SP(ρS r − ΓS + ΓP )
=
+
.
dt
(S + P)2
(S + P)2

(6)

Introducing for brevity the notation b = ρS r – ΓS + ΓP and
using the relation P/(S + P) = 1 – S/(S + P) = 1 – X, we can
write
Figure 2. Survival rate rsurv vs. time, for various values of r1, r2 and
r3 with r = r1 – r3 = 0.05 fixed for the purpose of comparison. ΓS = 0,
and the initial number of cells is nS = 1. Dashed lines are obtained from
eqn (3). Note that as T grows large, the curves tend to 1 – (r3/r1), as
expected. Data points are from 100 000 realizations of the Gillespie
algorithm.

dX
= X 2 (ΓS − ρS − ΓP ) + bX .
dt
Some algebraic manipulation then yields
⎛
dX
X⎞
= bX ⎜1 − ⎟ ,
dt
K
⎝
⎠

the resulting < nS > and < nS2 > from eqn (2) grow exponentially (see Appendix), while the relative standard
deviation (defined as the ratio of the standard deviation
σ to the mean) for the population of BTSCs is inversely
proportional to the square root of the initial number of
BTSCs. Thus, we expect that for larger values of nS ,
realizations of the stochastic process defined by eqn (2)
are increasingly in agreement with the corresponding
solution to the average equation (35).
As the cellular population grows, it becomes pertinent
to consider the equations for the average numbers < nS >
and < nP > of each population, which we derive from
eqn (1) and will subsequently refer to as the ‘average
equations’ for brevity. Multiplying eqn (1) by nS and summing over all nS and nP, we can use the definition of the
mean S = < nS > to write
0

dS
= ρS rS − ΓS S ,
dt

(4)

where we have defined r = r1 – r3. Similarly for P = < nP >,
dP
= ρS (1 − r ) S − ΓP P.
dt

(5)

In setting up the average equations, it becomes apparent
that the difference of symmetric division rates r = r1 – r3
is the parameter of paramount importance – although we
note that, due to the requirement that r1 + r2 + r3 = 1, this
difference is not independent of the asymmetric division
rate r2 (clearly, the parameter r could be written in terms
of any two of the three division rates).
© 2009 The Authors
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(8)

where K = b/[ρS (1 – r) + b]. Notice that eqn (8) is a logistic
growth equation for X; setting its time derivative to zero
we find that X has stable steady-state solution K (this
nontrivial steady-state solution is only valid for values of
b > 0). When the death rates ΓS and ΓP are small (or their
difference is small) compared to ρS r, we can make the
approximation K ≈ r. In other words, as t → ∝:
S
→ r.
S +P

(9)

Thus, while the overall number of tumour cells continues
to grow, our model indicates that the proportion of stem
cells [i.e. the fraction X = S/(S + P)] approaches a constant value that is dependent only on the difference of
the probabilities of the two types of symmetric BTSC
divisions – this trend is independent of the initial numbers
of cells nS and nP . Note that, alternatively, this result can
be derived by directly solving the average equations and
taking the limit of the ratio S/(S + P) as t → ∝. This
observation is consistent with recent findings that the
long-term maintenance of a specific percentage of stemlike cells within a tumour is dependent upon the rate of
symmetric division (21). Here we have considered the
dynamics of only stem and progenitor cells, as these are
the proliferating cells that are of primary interest (see the
Appendix for the mathematical inclusion of mature cells).
0

0

Treatment
A recent study by Piccirillo et al. (20) has suggested the
possible use of BMPs in selectively targeting the BTSC
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subpopulation, while another by Bao et al. (19) has
examined the phenomenon of resistance to radiotherapy
that is demonstrated preferentially by these cells. Here,
we focus on the application of these treatments. To this
point we have considered conditions of exponential
growth, which are appropriate in vitro or during the early
stages of tumour development. To account for the in vivo
effects of competition for space and nutrient limitations,
we incorporate logistic growth by replacing the formerly
constant overall BTSC division rate ρS by rS (S, P) = ρS (1
− cS S − cP P), where 1/cS and 1/cP are the limiting populations of stem and progenitor cells, respectively. Stochastic
simulations indicate that the results of the model regarding
tumour composition and survival rate are conserved from
the exponential growth regime to the logistic growth
regime, to a good approximation. The use of a logistic
growth model now allows for discussion of various in vivo
treatment strategies. In the following, we consider the
dynamics of only cancer stem cells and progenitor cells,
as these are the proliferating populations that are the
targets of therapy.
We first consider the application of radiotherapy by
using the exponential decay model described by Kohandel
et al. (36). The model is incorporated by adding treatment
terms to the average eqns (4) and (5) for the numbers of
stem and progenitor cells, respectively, so that they read:
dS
= rS (S , P)rS − ΓS S − α S S
dt

⎛ t − ti ⎞
τ S ⎟⎠

∑ di f ⎜⎝
i

⎛ t − ti ⎞
dP
= rS (S , P)(1 − r )S − ΓP P − α P P ∑ di f ⎜
⎟.
dt
⎝ τP ⎠
i

(10)

Here, αS and αP represent the radiosensitivities of the
stem and progenitor cells (respectively), in units of 1/Gy.
The ith acute dosage (in Gy per day) is denoted di, which
is applied at time ti. The radiation clearance time (order of
doubling time) of CD133+ cells is τS (day), and τP (day)
is that of the CD133− cells. Finally, the function f (x) =
exp(–x) when x ≥ 0 and equal to zero otherwise.
It has recently been observed in the laboratory that
CD133+ GBM cells exhibit greater radioresistance than
do cells lacking CD133. In particular, following treatment
of cultures of cells isolated from primary human glioblastomas or from human glioblastoma xenografts grown in
murine hosts with 2–5 Gy ionizing radiation, the fraction
of CD133+ cells was found to have increased 4- to 5-fold
(19). Similar results were obtained in vivo, with murine
subjects bearing xenograft tumours. These results indicate
that the radiosensitivity of BTSCs may be significantly
smaller than that of GBM progenitor cells, and, thus, in
our model we should choose αS < αP (eqn 10). Based on
data of Bao et al. (19), αS was estimated to be 0.2 Gy−1,

a value consistent with a previous estimate of stem cell
radiosensitivity given by Sachs and Brenner (37). We
estimate αP to be 3-fold greater (0.6 Gy−1). Although not
considered here, Bao et al. (19) suggest that administration of an inhibitor of the Chk1 and Chk2 checkpoint
kinases (specifically, debromohymenialdisine) concurrent
with ionizing radiation renders CD133+ cells more vulnerable,
thus acting to increase the value of αS.
While recognizing the radioresistance of CD133+
brain tumour cells is an important if somewhat grim
realization, encouraging news comes from recent experiments by Piccirillo and colleagues supporting the notion
that BMPs may induce CD133+ GBM cells to differentiate
into cells with decreased tumorigenic potential (20). BMPs
are a subgroup of the transforming growth factor beta
family (38). While BMPs play various roles throughout
the body, in neural development they typically induce
differentiation into astroglial cells (20). In vitro, treatment
of glioblastoma-derived cells with BMPs resulted in
significantly reduced (in the range of 50%) CD133+ populations. In vivo, immunodeficient mice that received
gradual administration of BMP4 via beads implanted into
their brains either concurrent with or following xenograft
of glioma cells lived longer than control mice. The precise
mechanisms through which BMPs reduce the tumorigenicity
of CD133+ GBM cells remain unclear (20); mathematically, in our model we interpret the effects of BMP4 as
decreasing the net symmetric division rate r while leaving
r2 fixed. Based on the work of Piccirillo et al. (20), we
estimate that, starting from a pretreatment value of r = 0.1,
the effect of treatment with BMP4 is to reduce r to –0.1.
Note that we have previously defined r = r1 – r3, so that
the change of r to a negative value represents a simultaneous
increase in the proportion of symmetric differentiation
divisions and decrease in the proportion of symmetric
self-renewing divisions.
In the laboratory, the minimum number of CD133+
GBM cells required for tumour formation upon injection
into immunocompromised mice has been reported as
approximately 100, while xenograft of up to 106 CD133–
cells lacked the capacity to be tumorigenic (11,19). For
our simulations, we take nS = 5000 and nP = 105. This is
roughly equivalent to implanting a tumour of 2–3 mm in
diameter, which is initially about 5% stem cells by composition. The doubling time of the CD133+ subpopulation is
estimated to be about 2 days (36), resulting in ρS r ≈ 0.35
day–1. We take cS and cP to be 10–7 and 10–8, respectively.
Solving the average equations numerically, we can
consider the effects of various treatment strategies on GBM
cell populations (Fig. 3). A feature of our results is the
observed enrichment of the CD133+ population following
treatment with ionizing radiation, consistent with the
experimental results of Bao et al. (19). In our model, the
0

0
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Figure 3. Total number of CD133+ and CD133− cells (a) and fraction
of CD133+ cells (b) following various combinations of treatments.
The legend is as follows (reproduced in colour online): black, solid (left
most in (a), 3rd from bottom at t = 22 in (b)) (no radiation or bone
morphogenetic proteins (BMP)); blue, solid (2nd from left in (a), 4th
from bottom at t = 22 in (b)) (3 Gy ionizing radiation administered at
day 10); blue, dashed (3rd from left in (a), 7th from bottom at t = 22 in
(b)) (10 Gy ionizing radiation administered in 2-Gy doses on days 10,
12, 14, 16, and 18); blue, dotted (5th from left in (a), top-most at t = 22
in (b)) (18 Gy ionizing radiation administered in 2-Gy doses on each of
days 10–18); green, solid (4th from left in (a), 2nd from bottom at t = 22
in (b)) (10 days BMP4 administered from days 0 to 10); green, dashed
(6th from left in (a), bottom-most at t = 22 in (b)) (BMP4 administered
from days 8 to 20); red, solid (7th from left in (a), 6th from bottom at
t = 22 in (b)) (BMP4 administered from days 0 to 10 followed by 10-Gy
radiation administered in 2-Gy doses on days 10, 12, 14, 16, and 18);
red, dashed (right-most in (a), 5th from bottom at t = 22 in (a)) (BMP4
administered from days 8 to 20 with 10-Gy radiation administered in
2-Gy doses on days10, 12, 14, 16, and 18).

greater radiosensitivity of CD133− cells dictates that the
fraction of CD133+ cells increases (Fig. 3). Furthermore,
the logistic growth condition leads to an increase in the
growth rate as CD133− cells are destroyed; this allows
© 2009 The Authors
Journal compilation © 2009 Blackwell Publishing Ltd, Cell Proliferation, 42, 529–540.
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Figure 4. Number of CD133+ cells (a) and number of CD133− cells
(b) following various combinations of treatments. Black, solid (leftmost) (no radiation or bone morphogenetic proteins (BMP)); blue, solid
(2nd from left) (3-Gy ionizing radiation administered at day 10); blue,
dashed (3rd from left) (10-Gy ionizing radiation administered in 2-Gy
doses on days 10, 12, 14, 16, and 18); blue, dotted (5th from left) (18
Gy ionizing radiation administered in 2-Gy doses on each of days 10–
18); green, solid (4th from left) (10 days BMP4 administered from days
0 to 10); green, dashed (6th from left) (BMP4 administered from days 8
to 20); red, solid (7th from left) (BMP4 administered from days 0 to 10
followed by 10-Gy radiation administered in 2-Gy doses on days 10, 12,
14, 16, 18); red, dashed (right-most) (BMP4 administered from days 8
to 20 with 10-Gy radiation administered in 2-Gy doses on days 10, 12,
14, 16, and 18).

CD133+ cells to repopulate using resources made newly
available. Consequently, we observe a slight increase in the
number of CD133+ cells relative to the control case once
radiotherapy has ended and the number of cells has
plateaued (Fig. 4).
Our numerical results (Fig. 4) indicate that a BMP-type
therapy is effective in decreasing CD133+ cell numbers at
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the expense of a slight increase in the number of CD133−
cells and, hence, in the total number of cells (Fig. 3). This
net increase is a consequence of our assumption that each
CD133+ cell produces two CD133− cells. If, rather, a
CD133+ cell transitions directly into a CD133− cell (i.e.
an event of the form S → P), then such an increase in
overall tumour bulk is not to be expected. In either case,
our results suggest that radiotherapy may be more effective
when combined with BMP (or another type of differentiationinducing) therapy, as is evidenced by the length of time
for which cell number is suppressed below saturation in
the case of radio- and BMP combination therapy relative
to other strategies. It should be stressed, however, that at
the present time, clinical therapy with BMPs is unfeasible
due to the many questions that remain regarding the
actions and consequences of these proteins – our theoretical
results merely provide additional motivation to investigate
such differentiation-inducing factors. A further prediction
of the model is that, following the discontinuation of a
treatment regime composed of any combination of
radiotherapy and BMP-type therapy, the GBM cell population will recover to its original constitution (unless the
CD133+ population has been rendered extinct). That is,
the period of change in the percentage of CD133+ GBM
cells that begins with the onset of treatment is only transient, and the tumour will eventually recover its original
phenotype (Fig. 3).

Discussion
Mathematical modelling of the cancer stem cell hypothesis
is likely to prove useful in two somewhat distinct ways.
First, in attempting to establish a mathematical framework
that encapsulates such a complex biological process that
is only beginning to be understood, important insights
and questions may surface that will help to direct future
research. Following these initial stages, mathematical
modelling will become increasingly useful in predicting
strategies for battling the tumour and its resilient cancer
stem cells. It seems clear that a deeper understanding,
combined with quantitative modelling of cancer stem cells,
is central, not only for the design of effective experimental
studies to identify particular tumorigenic pathways, but
also for the development of effective therapies that will
target cancer stem cells.
Related to experimental design, our work has indicated
the potential significance of the difference r = r1 – r3 in
determining a steady-state tumour composition. For
example, we predict that a tumour that is 10% BTSCs
(relative to total BTSCs and progenitor cells) by composition has r = 0.1. Furthermore, it follows that symmetric,
rather than asymmetric, cell divisions are the important
divisions in driving tumour growth and maintenance at

the macroscopic level. Indeed, by a simple rescaling, we
have seen that the rate of asymmetric divisions r2 can be
removed from the average equations altogether. On the
microscopic scale of small numbers of cells, however,
asymmetric divisions may play an important role. Additional
experiments are needed to validate these hypotheses, and
to further illuminate the mechanisms of cancer stem cell
division. In particular, there is a lack of quantitative estimates
for the parameters r1, r2, and r3. It would be worthwhile
for experimentalists to develop assays that measure the
tendencies for glioblastoma stem cells to undergo these
certain types of divisions. A comparison of experimental
data with numerically generated probability distributions
may permit the interpolation of the frequencies with
which BTSCs undergo certain divisions.
In addition to the difference of the rates of symmetric
division, we have also demonstrated that the ratio r3/r1
may be of importance in determining the survival rate, or
frequency of small numbers of potentially tumorigenic
cells developing into tumours. It is an experimentally
observed phenomenon that typically only a small fraction
of singly cultured CD133+ cells develop into tumour
spheres. For example, Beier et al. (39) report that only
2–5% of CD133+ cells isolated from primary glioblastomas
formed tumour spheres when replated at one cell per well.
Parameter values (in particular, the division probabilities
r1, r2, and r3) should thus be chosen to satisfy both a low
survival rate and a long-term tumour composition consistent with those observed clinically and experimentally
[for brain tumours, the fraction of CD133+ cells has been
recognized as in the range of about 5 to 30% (11)]. However,
stochastic simulations and the aforementioned analytical
survival rate together indicate that the division probabilities
r1 and r3 cannot be chosen to simultaneously satisfy both
the experimentally observed tumour sphere formation
likelihood and the necessary condition of consistency
with experimentally, and clinically, observed tumour
composition. More specifically, the model predicts that a
significantly higher percentage of singly cultured CD133+
cells form tumour spheres than is observed.
The lack of concordance between the model prediction
and this result is a reflection of the current state-ofknowledge of the brain cancer stem cell hierarchy and the
markers that are associated with it. It is an assumption of
our model that each CD133+ cell has some tumorigenic
capacity. CD133, also known as AC133 or human Prominin-1,
is an 865-amino acid-long glycosylated protein embedded
in the plasma membrane, consisting of five transmembrane
domains including two prominent extracellular loops
(40,41). Although its biological function has yet to be
established (40,41), it was first identified as a marker of
haematopoietic stem cells (42) and was subsequently
recognized as a marker of human central nervous system
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stem cells (13). Since then, it has been implicated as a
marker for various putative cancer stem cells, including
those of the brain and prostate [see Singh et al. (11) and
Collins et al. (43), respectively]. While sufficient data
exist to conclude that CD133 is certainly correlated with
cancer cell ‘stemness’, this marker alone does not seem to
positively identify human BTSCs while excluding nontumour-initiating progenitor cells, as is evidenced by the
relatively low observed frequencies of individual cells
from CD133+ tumour-derived subpopulations forming
tumour spheres (10,11,39). Additional confusion regarding
the significance of CD133 comes from the recent report
that a certain subset of glioblastomas may be driven by a
CD133− cell subpopulation (39). Together, these considerations emphasize the importance of finding novel
markers and methods of characterizing BTSCs as distinct
from their non-tumorigenic progeny. When such advances
are made, these can be accommodated by our mathematical
model. For example, experimental distinction between
BTSCs and non-tumour-initiating cells within the
CD133+ cell pool would allow for the mathematical
treatment of, and assignment of parameter values to, two
separate CD133+ cell populations (one capable of selfrenewal and the other not). A similar adaptation could be
made to the CD133− population, in light of the results of
Beier et al. mentioned above (39).
Our numerical results regarding treatment agree
qualitatively with the observations of Bao et al. (19) and
Piccirillo et al. (20). They also predict that the application
of BMPs, together with radiotherapy, may constitute a
highly effective treatment strategy. This should motivate
the design of experiments that test such combination
therapies. There is also a need for additional research,
both experimental and theoretical, focused on the separate
actions of BMPs and radiotherapy. How exactly do BMPs
act to make BTSCs less tumorigenic, and why is it that
some BTSCs may resist these effects (14)? Regarding
radioresistance of CD133+ cells, it should prove worthwhile
to perform additional quantitative in vivo studies. As
pointed out by Hambardzumyan et al. (44), much of the
current data are derived from GBM cell cultures, which
lack the oxygenic and other stimulatory conditions that
define the in vivo tumour microenvironment.
While much remains to be unravelled, it is certainly
clear, as further evidenced by our numerical simulations
and results, that the entire BTSC subpopulation must
be eliminated before we can speak of a curative therapy.
This indicates the need for new and improved treatment
strategies. One promising direction may involve antiangiogenic drugs that disrupt the development of tumour
vasculature (45). Folkins et al. (46) have recently demonstrated that anti-angiogenic therapy may disturb a possible
BTSC niche, analogous to the niche of normal neural
© 2009 The Authors
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stem cells, which in turn may cause BTSCs to differentiate
as they lose the niche signals that confer ‘stemness’ upon
them. By doing so, anti-angiogenic therapy may act as a
primer for conventional treatments in a novel combination
treatment strategy aimed at rendering the BTSC subpopulation extinct (46). The cancer stem cell hypothesis
represents a landmark step in that it recognizes that not all
tumour cells are equal. In addition to the importance of
this type of populational heterogeneity, it is becoming
increasingly clear that the micro-environmental heterogeneity
of a tumour is an undeniable force in determining cellular
behaviour. Considering the effects of irregular vasculature
and a possible BTSC niche will be an interesting challenge
for future modelling.
While there are current limitations on mathematical
modelling of BTSCs, in terms of the previously discussed
need for more precise biomarkers and a better understanding
of the processes of BTSC proliferation and self-renewal,
our model is adaptable to new features as discoveries are
made. As biological knowledge of the BTSC hierarchy
grows, so too will the related mathematical modelling.
In addition to the radioresistance documented by Bao et al.
(19), chemoresistance of CD133+ glioma cells is a recently
observed phenomenon [see, for example, Liu et al. (47)].
Ganguly and Puri (28) have included chemotherapy in
their mathematical model of cancer stem cell dynamics (27);
in the future, it may also be interesting to use a stochastic
approach to examine the effects of chemotherapy. The
synergistic interplay between mathematical modelling and
experiment will lead to computational models that can
then play a role in designing treatment strategies that are
effective in doing what the cancer stem cell hypothesis
implies is clearly necessary: eradicating the underlying
cancer stem cells to one day provide a truly curative therapy.
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Appendix
Inclusion of mature cells
In the main text, we concerned ourselves with only the
populations of stem and progenitor cells. However, the
model can easily be generalized to include the population
of mature cells. In particular, we assume that progenitor
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cells can asymmetrically self-renew with some (typically
small) probability 1 – r′ and otherwise perform a symmetric
commitment-type division to mature cells with probability
r′ (and that with rate ρP progenitor cells undergo either of
these two types of divisions). Introducing a death rate for
mature cells ΓM and using the same assumptions as before
for stem and progenitor cells, we have the following master
equation:
dp(nS , nP , nM , t )
=
dt
ρS {r1(nS − 1) p(nS − 1, nP , nM , t )
+ r2nS p(nS , nP − 1, nM , t )
+ r3 (nS + 1) p(nS + 1, nP − 2, nM , t )
− nS p(nS , nP , nM , t )}
+ ΓS {(nS + 1) p(nS + 1, nP , nM , t )
− nS p(nS , nP , nM , t )}
+ ρ p{1 − r ′}nP p(nS , nP , nM − 1, t )
+ r ′(nP + 1) p(nS , nP + 1, nM − 2, t )
− nP p(nS , nP , nM , t )}
+ ΓP {(nP + 1) p(nS , nP + 1, nM , t )
− nP p(nS , nP , nM , t )}
+ ΓM {(nM + 1) p(nS , nP , nM + 1, t )
− nM p(nS , nP , nM , t )}.

(11)

lim

S
=
+P+M

1
,
a′ ⎛
c′ ⎞
1 + ⎜1 + ⎟
b′ ⎝
d ′⎠

d < nS >
= [ρS r1 − (ρS r3 + ΓS )] < nS >,
dt
d < nS2 >
= 2[ρS r1 − (ρS r3 + ΓS )] < nS2 >
dt
+ (ρS r1 + ρS r3 + ΓS ) < nS >.

(14)

d < nS >
= (λ − μ) < nS >,
dt
d < nS2 >
= 2(λ − μ) < nS2 > + (λ + μ) < nS >.
dt

(15)

These are solved to give
< nS > = n0 exp((λ − μ)t ),
⎛ λ + μ⎞
< nS2 > = n0 ⎜
⎟ exp((λ − μ)t )(exp((λ − μ)t ) − 1)
⎝ λ − μ⎠
+ n02 exp(2(λ − μ)t ),

(16)

where n0 = nS (0) is the initial number of BTSCs. From
these two equations we can calculate the standard deviation
σ = < nS2 > − < nS >2

(12)

where GP = ρP r′ + ΓP and, for consistency, we have again
taken r = r1 – r3. By either solving eqn (12) directly and
taking the limit as t → ∝ or by applying an approach
similar to that used in the case of the two-compartment
model (i.e. finding a pair of coupled ordinary differential
equations for X = S/(S + P) and Y = S/(S + P + M) and
solving for steady-state solutions), we find that

t →∞ S

We have derived the following deterministic equations for
the first and second moments:

For brevity, we will write λ = ρS r1 and μ = ρS r3 + ΓS so
that the above equations can be written simply as

Since we have not altered the dynamics of the cancer stem
cell population, the survival rate is the same as that given
in eqn (3). The associated average equations are
dS
= ρS rS − ΓS S
dt
dP
= ρS (1 − r )S − G P P
dt
dM
= ρP (1 + r ′ )S − ΓM M ,
dt

Relative standard deviation

(13)

where a′ = ρS (1 – r) (defined previously), b′ = ρS r + ρP r′ –
ΓS + ΓP, c′ = ρP(1 + r′) and d′ = ρS r – ΓS + ΓM. Note that
if we take r′ = 0, then the second line of eqn (12) reduces
to eqn (5).

(17)
⎛ λ + μ⎞
⎛1
⎞
= n0 ⎜
⎟ exp⎜ 2(λ − μ)t ⎟ exp((λ − μ)t ) − 1,
⎝ λ − μ⎠
⎝
⎠
which, for λ > μ (this must be the case for a growing
tumour), obeys
σ
1 λ+μ
→
< nS >
n0 λ − μ

(18)

as t → ∝. Thus, we see that while the standard deviation
of the stochastic realizations about the mean grows
exponentially, the relative standard deviation decreases with
increasing initial number of BTSCs. For μ = 0, eqn (18)
gives σ/ < nS > → 1 n0 (35).
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