
Abstract Chronic myeloid leukemia (CML) invites bio-
logically based radiation risk modeling because CML is
simultaneously well-understood, homogeneous and prev-
alent. CML is known to be caused by a translocation in-
volving the ABL and BCR genes, almost all CML pa-
tients have the BCR-ABL translocation, and CML is
prevalent enough that its induction is unequivocally de-
tected among Hiroshima A-bomb survivors. In a previ-
ous paper, a linear-quadratic-exponential (LQE) dose-
response model was used to estimate the lifetime excess
risk of CML in the limit of low doses of γ-rays, Rγ. This
estimate assumed that BCR-ABL translocation dose-
response curves in stem cells for both neutrons and 
γ-rays, differ only by a common proportionality constant
from dicentric aberration dose-response curves in lym-
phocytes. In the present paper we challenge this assump-
tion by predicting the BCR-ABL dose response. The pre-
dictions are based on the biophysical theory of dual radi-
ation action (TDRA) as it applies to recent BCR-to-ABL
distance data in G0 human lymphocytes; this data shows
BCR and ABL geometric distributions that are not uni-
form and not independent, with close association of the
two genes in some cells. The analysis speaks against the
previous proportionality assumption. We compute 11
plausible LQE estimates of Rγ, 2 based on the propor-
tionality assumption and 9 based on TDRA predictions.
For each estimate of Rγ we also compute an associated
estimate of the number of CML target cells, N; the bio-
logical basis of the LQE model allows us to form such
estimates. Consistency between N and hematological

considerations provides a plausibility check of the risk
estimates. Within the group of estimates investigated, the
most plausible lifetime excess risk estimates tend to lie
near Rγ=0.01 Gy–1, substantially higher than risk esti-
mates based on the proportionality assumption.

Introduction

Estimating radiation-induced cancer risks probably re-
quires a biologically based modeling step to bridge the
gap between the mGy-level doses of primary interest and
the typically much higher doses that are amenable to lab-
oratory and epidemiological studies. Chromosome aber-
rations are associated with cancers [1] and at least for a
few types of cancer, a reasonable case can be made that
the aberrations are the cause of the cancer. For such can-
cer types there is some hope of explaining radiation car-
cinogenesis mechanistically and quantitatively, starting
from biophysical analyses of early radiation damage,
continuing through estimates of the misrejoining that
makes a chromosome aberration and going systematical-
ly all the way to the epidemiological data.

Chronic myeloid leukemia (CML) [1] is ideal for bio-
logically based radiation risk modeling because it is si-
multaneously well-understood, homogeneous, and preva-
lent. How well is it understood? There is indisputable
evidence that CML is causally related to the Bcr-Abl chi-
meric protein product of a translocation between the ABL
gene on chromosome 9 and the BCR gene on chromo-
some 22. This evidence includes increases in leukemia
incidence in mice expressing BCR-ABL [2, 3], the asso-
ciation of different BCR exchange points with different
types of leukemia [4, 5] and the finding that elevated
Bcr-Abl tyrosine kinase activity is essential for BCR-
ABL-mediated leukemogenesis [6]. Many experts view
BCR-ABL as the sine qua non of CML [7]. Regarding its
sufficiency, detection of BCR-ABL in healthy individuals
could be the result of BCR-ABL arising inconsequential-
ly in differentiated white blood cells [8, 9]. For recent re-
views see [10, 11].
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Almost all CML patients have the BCR-ABL translo-
cation [12]. Thus, clinically defined CML can be equated
to a BCR-ABL-mediated cancer. In this regard, CML is
“homogeneous.” Homogeneity is important because it
allows molecular mechanistic modeling of older, clini-
cally defined epidemiological data.

Among homogeneous cancers, such as CML and
acute promyelocytic leukemia (APL), CML is one of the
most prevalent. Presumably the reason is that ABL pro-
vides an unusually large intron target (~300 kb) for BCR-
ABL translocations which, after RNA splicing, yield the
same chimeric protein product and thus the same clinical
disease. Prevalent endpoints are attractive to study be-
cause they tend to have significant numbers of induced
cases in epidemiological data sets. CML is prevalent
enough that its induction can be detected in A-bomb sur-
vivors [13] and in women treated with radiation [14, 15].

Preview

Our estimates of radiation-induced CML risk are based
on a linear-quadratic-exponential (LQE) model [16]
which contains nine parameters, five of which are dose-
response shape parameters. Previously, it was found that
A-bomb survivor data alone are not powerful enough to
estimate three of these shape parameters [16]. These
three parameters were therefore fixed to A-bomb exclu-
sive prior means. Two of the three fixed parameters,
βba/αbaγ and αban/αbaγ, have biological interpretations as
ratios of γ-ray and neutron BCR-ABL dose-response pa-
rameters. Our goal here is to improve CML risk esti-
mates by improving estimates of these two parameters.
We will do this by replacing previous estimates of
βba/αbaγ and αban/αbaγ, based on dicentric yields in human
lymphocytes [17], with new estimates, predicted by an
application of the theory of dual radiation action
(TDRA) [18] to recent BCR-to-ABL distance data [19].
Basically, proximity between BCR and ABL has been ob-
served in a fraction of the nuclei analyzed and this geo-
metric association increases the chance for a BCR-ABL
translocation relative to the chance of a “generic” dicen-
tric or translocation, i.e. one whose two breakpoints have
no special association in the cell nucleus. As we shall
see, the BCR-ABL dose-response parameters predicted
for γ-rays differ substantially from previous parameter
estimates based on generic dicentrics. Fixing βba/αbaγ
and αban/αbaγ to their new estimates while fitting the
LQE model to A-bomb survivor data, and using Bayes-
ian methods to combine likelihood estimates with previ-
ous priors for the other parameters [16], we obtain new
estimates of the lifetime excess risk of CML in the limit
of low doses of γ-rays, Rγ. These risk estimates are then
mapped into associated estimates of the number of CML
target cells, N. Consistency between N and expectations
based on hematological considerations provides a useful
plausibility check of the associated risk estimates Rγ.

Materials and methods

Theory of dual radiation action (TDRA)

Our basic picture is that radiation occasionally induces contempora-
neous double strand breaks (DSBs) in ABL and BCR and that the
two DSBs can then react with each other to form a translocation
where one of the two rearranged chromosomes carries the BCR-ABL
sequence; an alternative scenario [20], where one break is radiation-
produced and the second break is then made in an enzymatic pro-
cess, will not be analyzed here. We will use the distance formulation
of TDRA [18] with the “sublesions” of TDRA identified specifically
as DSBs, to quantify E(ba|D), the dose-response of the expected
yield of such BCR-ABL translocations; here D is the radiation dose.

In TDRA, the geometric distance r between two DSBs at the
time of their formation plays a key role. The theory provides an
expression for the expected yield of translocations in the whole
genome, E(T|D), as an integral involving the following three func-
tions: the energy proximity function tD(r) for radiation, defined
such that tD(r)dr is the expected amount of energy deposited in a
spherical shell (volume 4πr2dr) centered at an arbitrary energy-
weighted ionization point; the sensitive matrix proximity function
s(r), defined such that s(r)dr is the expected volume of sensitive
matrix (primarily DNA) within a spherical shell (volume 4πr2dr)
centered at an arbitrary point within the matrix, and the probability
g(r) that two DSBs misrejoin if they are created r units apart. Us-
ing these three functions, TDRA gives the expected yield of chro-
mosomal translocations as

(1)

Here ρ is the mass density, V is the total volume of sensitive ma-
trix per nucleus, D(r)≡tD(r)/4πr2ρ can be regarded as a conditional
dose, S(r)≡s(r)/V and G is the DSB yield. The integral 
(Eq. 1) can be interpreted as follows: consider one of GD DSBs
placed at the origin. The probability that this DSB misrejoins with
a DSB created r units away equals the conditional dose at r, D(r),
multiplied by the expected fraction of total sensitive volume that
is r units away, S(r)dr, multiplied by G to make this the expected
number of DSBs at r, multiplied by the conditional probability
g(r) that, given a DSB at r, this DSB misrejoins with the DSB at
the origin. The model assumes complete reciprocal exchanges,
with each such exchange involving two DSBs and resulting in a
pair of rearranged chromosomes. Following the usual convention,
we count such a pair of rearranged chromosomes as one entity (i.e.
either as one translocation or as one dicentric). In accordance with
recent observations, we approximate the translocation frequency
as equal to the dicentric frequency [21, 22]. The factor of 1/4 in
Eq. (1) accounts for two things: each DSB is counted twice in the
integral and only half the misrejoining exchanges are transloca-
tions, the other half being dicentrics.

Note that by virtue of its definition, S(r) is the probability den-
sity for finding sensitive matrix at r given that there is sensitive
matrix at the origin. Also note that kinetics are not a part of this
model: g(r) maps the initial state directly into the final state with-
out tracking the intervening evolution in time.

The energy proximity function tD(r) can be decomposed into
an intra-track component t(r) that depends only on radiation type
and an inter-track component ρ4πr2D that depends only on dose,

tD(r)=t(r)+ρ4πr2D. (2)

Substituting this expression into Eq. (1) yields

(3)

which gives a linear-quadratic dose-response E(T|D)=αTD+βTD2

with

(4)
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Estimation of g(r)

The interaction probability g(r) is considered to be the same for
generic translocations, generic dicentrics and BCR-ABL transloca-
tions, so we can estimate g(r) from dicentric data in the literature.
Appropriate assumptions for Eq. (4) are ρ=1 gm/cm3 so that 
1 Gy=6.25 keV/µm3; G=35 DSBs per Gy per cell during G0/G1
[23, 24]; E(T|D)=E(dic|D)=αdD+βdD2, where αd and βd are for di-
centrics (αdγ for γ-rays and αdx for x-rays) [21]; g(r)=p0e–(r/r0) [18];
S(r) for loci pairs distributed uniformly and independently in a nu-
cleus of radius R:

(5)

see [18], the dashed curve in Fig. 4, and Appendix A; and t(r)
[tx(r) for x-rays and tγ(r) for γ-rays] as calculated by Chen et al.
[25], see Fig. 1. To estimate g(r) from dicentric yield data we
solve

(6a)

(6b)

(6c)

for the unknowns p0 and r0. Dicentric yield parameters for human
lymphocytes are distributed in the literature [17, 26], very roughly
speaking, as αdγ~U(.01, .025), αdx~U(.04, .05) and βd~U(.05, .06),
where U(a,b) denotes a uniform random variable on the interval
(a,b). Furthermore, based on data of Kozubek et al. [19], lympho-
cyte nuclei have radii R distributed normally with mean µ=3.7 µm
and standard deviation σ=0.65 µm. By trial-and-error we found
that Eqs. (6a–c) are solved in the literature range only when αdγ
lies between 0.019 Gy–1 and 0.024 Gy–1, the boundaries being
such that αdx=0.04 Gy–1 and 0.05 Gy–1, respectively. Thus, for our
baseline estimate of g(r) we let αdγ=0.022 Gy–1, βd=0.055 Gy–2

and R=3.7 µm, which gave r0=0.24 µm and p0=0.13. We then ex-
amined estimates of r0 and p0 at the boundaries of αdx when βd
equaled 0.05 Gy–2 and 0.06 Gy–2, and when R equaled 3.7 µm or 
3 µm. We found that our estimates were insensitive to βd and that
only p0 was sensitive to R. Plausible point and interval estimates
were thus found to be r0=0.24 µm (0.23, 0.26) and p0=0.13 
(0.14, 0.06) – asymmetric intervals result because R=3 µm is sup-
ported [26] while R=4.5 µm is not.

In Eq. (6) and throughout the rest of this paper, G and p0 never
appear separately, only in the combination p0G2, and it is only this
combination which affects the final estimates; for example, if we
had chosen G two times larger, as 70 DSBs per Gy, the estimate
for p0 would be decreased by a factor of 4 with further calcula-
tions and results essentially unchanged.

Adaptation of TDRA for specific loci

The TDRA distance model can be adapted for BCR-ABL dose-re-
sponse predictions as follows. Assuming a BCR target size TBCR of
5.8 kbp [5], an ABL target size TABL of 300 kbp [5], and a human
genome size Γ of 3,200 Mb [27], the expected number of active
DSBs within the BCR target is (TBCR/Γ)GD and the expected num-
ber of DSBs within the ABL target is (TABL/Γ)GD. Let Sba(r) be the
normalized probability density of BCR-to-ABL distances r, i.e. let
Sba(r)dr be the fraction of the ABL target material expected at r
given that there is BCR target material at the origin. Letting each
of the expected (TBCR/Γ)GD DSBs in BCR serve as the origin, the
expected number of ABL DSBs a distance r away becomes
(TABL/Γ)GD(r)Sba(r)dr. Thus

(7a)

Here a factor 1/2 applies, instead of 1/4 as in Eq. (1), because here
the integral does not count each DSB twice. Note that Eq. (7a) is
completely symmetric with respect to BCR and ABL, i.e. that
DSBs within ABL could have also served as the origin. Defining
αBA and βBA such that

(7b)

a key assumption in our previous work [16, 28] was that the BCR-
ABL translocation process was a typical exchange process as rep-
resented by dicentrics in the whole genome, i.e.

αBAD + βBAD2 = αdD + βdD2. (8)

Granting equality of dicentrics and translocations, Eq. (8) is equiv-
alent to assuming Sba(r)=Sd(r) in TDRA because, with g(r) and t(r)
fixed, the dose-response depends only on S(r); here Sd(r) is the in-
ter-loci distance probability density for generic loci-pairs in the
whole genome.

Ideally, interphase fluorescence in situ hybridization (FISH)
data would provide independent estimates of Sba(r) and Sd(r). Sd(r)
together with data for dicentrics in the whole genome could then
provide an estimate of g(r), and g(r) and Sba(r) could then predict
the BCR-ABL dose-response. Without Sd(r) data, an assumption
must be made. Assuming Sd(r)=Sba(r) yields Eq. (8) and our previ-
ous results [16, 28]. Assuming Sd(r)=S0(r) gives g(r) above and
the predictions described below. Some support for the assumption
Sd(r)=S0(r) comes from the following perspective. Viewing Sd(r)
as the target-size weighted-average of Sij(r) over all possible loci
pairs ij, i.e.

some loci pairs in this sum will tend to be close, such as those be-
tween chromosomes 9 and 22, and some loci pairs will tend to be
far apart, such as those between chromosomes 8 and 9 [19]. It
seems plausible that such extremes will average out and thus that
Sd(r)≈S0(r).

BCR-to-ABL distance data

The data sets used have been described [19, 29]. The G0 human
lymphocyte data set of Kozubek et al. [19] contains two-dimen-
sional (2D) projection measurements of the BCR and ABL posi-
tions. Measurements made in 5,735 cells provide 22,940 BCR-to-
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Fig. 1 Intra-track energy proximity function t(r) for 60Co γ-rays
(solid) and lightly filtered x-rays (dashed) given in Chen et al.
[25]
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ABL distances (Fig. 2) and for each gene, 11,470 distances to the
center of the nucleus (Fig. 3). The cells were from a single indi-
vidual – results from other individuals were similar although the
number of cells analyzed was much lower. The G0 lymphocyte da-
ta [19] used here are representative of stimulated lymphocytes,
bone-marrow cells, HL-60 cells and U-937 cells [30]. In all of
these cell types ABL and BCR are distributed non-uniformly, and
in some of these cell types correlations are observed.

The 3D confocal FISH data of Neves et al. [29] consist of 200
BCR-to-ABL distance measurements (Fig. 4) in 50 G1-phase
CD34+ human hematopoietic stem cells. Relative to the Kozubek
data, this data set is attractive because CD34+ stem cells are more
relevant to CML than lymphocytes and because 3D measurements
are more informative than 2D measurements. However, with only
200 distance measurements, the number in the small r bins is not
large enough to resolve Sba(r) where it matters the most (compare
Figs. 3 and 4). Use of this CD34+ data set will therefore be limited
to comparisons.

The rotational symmetry model

Suppose we have a spherical nucleus of radius R and suppose r is the
distance from its center. In the rotational symmetry (RS) model [31,
32] the sensitive matrix has an expected relative mass density m(r)
that depends only on r, i.e. it is spherically symmetric. The relative
mass density m(r) is defined as the mass density relative to the con-
stant mass density ρc that would have resulted had the same amount
of target material been uniformly distributed throughout the nucleus,
i.e. m(r) is a dimensionless quantity that satisfies

(9)

If the target material is indeed uniformly distributed, then
m(r)=1. We will consider piece-wise constant m(r) where the
breakpoints in the function are defined such that m(r) is constant
within n concentric shells of equal volume – equal volumes help
distribute distance measurements evenly across bins. With piece-
wise constant m(r), Eq. (9) implies m(r)≤n.

Appendix A provides a means of mapping 3D m(r) functions
into 3D S(r) functions. Appendix B describes how 3D m(r) func-
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Fig. 2a, b The 2D loci-to-center data of Kozubek et al. [19] (G0 human lymphocytes) fit to the two-shell RS model. The piece-wise 
constant relative mass densities are shown above the curves (see Table 1). The dashed curves are for a uniform density, i.e. a one-shell
model with a relative mass density of one

Fig. 3 2D BCR-to-ABL data. The solid curve is the 2D equivalent
of Sba(r) predicted for correlated loci (Eq. 13), i.e. 2% of the loci
pairs tethered within a uniform density sphere of radius 0.05R,
R being the radius of the nucleus. The dashed curve is the 2D
equivalent of Sbai(r) predicted by the two shell RS model with in-
dependent loci; it coincides visually with the solid curve except at
small r

Fig. 4 Comparison between Sba(r) and the 3D BCR-to-ABL data
of Neves et al. [29] (human CD34+ stem cells in G1). Shown
dashed is S0(r)
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tions can be mapped into (and thus estimated from) 2D m(r) data.
Finally, Monte Carlo methods provide a means of mapping 3D
m(r) functions into 2D S(r) functions. In each of these mappings
the RS model is implicitly assumed in m(r). Use of 2D data re-
quires that some such assumption be made. The advantage of 3D
confocal microscopy is that it directly measures the TDRA critical
entity S(r), i.e. it eliminates the need for the RS assumption and
the 2D-3D mappings.

The LQE model

The LQE dose-response model of CML risk is described in a pre-
vious paper [16]. Briefly, it is

(10)

where mi, ai, Pi, ti, Dγi and Dni denote the expected number of
CML cases, the average age, the person-years, the average number
of years since exposure, and the average gamma and neutron mar-
row doses, respectively, for the ith grouped epidemiological data
cell. Here αbaγDγi+αbanDni+βba(Dγi+Dni)2≈αbaγDγi+βbaDγi

2+αbanDni
is the probability of forming BCR-ABL in a target cell (the approx-
imation follows since Dγi>>Dni among A-bomb survivors [33]), 
e−(αkγ Dγi + βk D2

γi + αkn Dni) is the probability that the target cell is not
killed, ec1+kai is the background incidence as a function of age, and 
ti
2ec2−ktti represents the BCR-ABL-to-CML waiting time probability

density multiplied by Nαbaγ where N is the num-

ber of target cells, i.e.

Using A-bomb exclusive data, estimates can be obtained for
each of the nine parameters of the LQE model. These “prior” pa-
rameter estimates can then be combined with A-bomb survivor da-
ta in a Bayesian approach to CML risk estimation. For details and
explanations, see [16]. In this paper, we will replace previous as-
sumptions that βba/αbaγ=βd/αdγ and αban/αbaγ=αdn/αdγ with new as-
sumptions based on TDRA and BCR-to-ABL distance data, i.e.
Eqs. (7). Our goal then is to see how these changes modify both
the lifetime excess risk of CML in the limit of low doses of γ-rays,

(11)

and its associated estimate of the number of CML target cells

(12)

Comment: Whereas the dose-response structure of the LQE model
is biologically based, the background and waiting time structures
are not. These structures derive instead from empirical fits to A-
bomb exclusive epidemiological data. The LQE model could thus
be more accurately described as semi-biologically based, rather
than biologically based.

Results

Estimation of Sba(r)

We assume a piece-wise constant RS model with two
equal volume shells, i.e. a model where the expected rel-
ative mass density mb(r) of BCR target material, ma(r)
for ABL, is constant within a sphere and its surrounding
spherical shell. Fitting this model to recent 2D data [19]
produces the results shown in Fig. 2 and Table 1. Fitting
it to recent 3D data [29] for comparison, assuming
ma(r)=mb(r) and no correlations, yields m(r) as also 
given in Table 1. The data clearly suggest that more 
often than not, BCR and ABL lie within the inner half of
the nucleus.

Assuming independence of the loci positions, Monte
Carlo methods were used to map the 3D reconstructions
mb(r) and ma(r) into an expected 2D BCR-to-ABL dis-
tance probability density as shown in Fig. 3 (for small r
this is the dashed curve). This curve, derived from 2D
locus-to-center data, is compared, not fit, to the BCR-to-
ABL 2D distance data of the same experiment [19]. Note
that the theoretical values are well below the observed
data for small r. This discrepancy suggests that the loci
positions are not actually independent. Since Sba(r) for
small r is critical to TDRA predictions, modeling such
loci correlation is essential. Our model of it is as follows.
For some small percentage of time, or equivalently for
our purposes, at any one time point, for some small per-
centage p of loci pairs, we hypothesize that there exists a
“bond” between chromosomes 9 and 22 that tethers BCR
and ABL to within a small sphere of radius κR, κ<1. The
solid curve in Fig. 3 is then the 2D equivalent of

(13)

where p=0.02 [0.016, 0.24] and κ=0.05 [0.04, 0.06]
were determined by visual trial-and-error; here Sbai(r) is
for independent loci. In Fig. 4 we compare this model of
Sba(r) to the 3D BCR-to-ABL distance data of Neves et
al. [29].

The BCR-ABL dose-response

Next we applied TDRA to Sba(r) in Eq. (13). Using 
g(r) = p0e−(r/r0) with the parameter estimates r0=0.24 µm
[0.23, 0.26] and p0=0.13 [0.14, 0.06] discussed above,
and using t(r)=tγ(r) for γ-rays as given by Chen et al.
[25], our main result is the TDRA prediction that
αBAγ=3.64 [2.5, 4.3] Gy–1 and βBA=0.45 [0.29, 0.49]
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Table 1 The two-shell RS
model fit to the data in Figs. 2
and 4

Parameter Ref. [19] and Fig. 2 Ref. [29] and Fig. 4

ma(r) mb(r) ma(r)=mb(r)

0<r<0.79R 1.82 (1.78, 0.86)a 1.86 (1.82, 1.90) 1.52 (1.3, 1.8)
0.79R<r<R 0.18 (0.16, 0.20) 0.14 (0.13, 0.16) 0.48 (0.3, 0.7)

a In parenthesis are the 95% CI
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Gy–2. Thus, in contrast to our previously held assump-
tion shown in Eq. (8), αBAγ is much greater than
αdγ≈0.022 Gy–1, and βBA is greater than βd≈0.055 Gy–2;
that is, the BCR-ABL dose-response parameters predicted
by TDRA, taking deviations from randomness and inde-
pendence in the geometric locations of the two loci into
account, differ from the literature values [17, 26] for ge-
neric dicentrics. The new BCR-ABL dose-response has
an amplitude parameter α that is 160-fold higher than
before, and a dose-response shape parameter α/β (the
linear-to-quadratic transition dose) that is 20-fold higher,
i.e. 8 Gy compared to 0.4 Gy. The intuitive reason α and
β both increase is that two nearby loci are more likely to
interact than are two distant loci; the intuitive reason α
increases even more than β is that two nearby loci are
more likely to get DSBs from the same photon than are
two distant loci.

Risk and target cell estimates

For reasons described elsewhere [16], only the Hiroshi-
ma male portion of the A-bomb survivor data set is used
in our analysis [13]. We assume that tγ(r) for 60Co γ-rays
[25] is approximately valid for Hiroshima γ-rays and
thus that the BCR-ABL dose-response predictions of the
previous subsection are applicable. For neutrons, we do
not have tn(r) and therefore cannot predict αban. Instead,
we will consider two hypothetical cases: αban increasing
as much as αbaγ (rows 3, 8–11 of Table 2), and αban in-
creasing x-fold more (or less) than αbaγ (rows 4–7 in 
Table 2). Table 2 shows estimates of Rγ and N produced
using random samples from bivariate normal LQE poste-
rior estimates of c2 and kt, see Eqs. (11) and (12). Vari-
ous possibilities are considered. Rows 1–2 assume
βba/αbaγ=βd/αdγ and αban/αbaγ=αdn/αdγ, rows 3–11 assume
TDRA predictions for βba/αbaγ and αban/αbaγ via Eq. (7).
More specifically, in row 1 we have αBAγ=αdγ=0.0107
Gy–1, as in [16]; in row 2, for comparisons with rows
3–11, we have αBAγ=αdγ=0.022 Gy–1; in rows 3–7 we
have g(r) with baseline parameter values while

x≡(αBAn/αdn)/(αBAγ/αdγ) takes various values: in rows 8
and 9 other plausible g(r) are examined and finally, in
rows 10 and 11 other Sba(r) are tested. The results of
these cases are summarized in Table 2 and discussed ful-
ly below.

Discussion

In previous work we found that A-bomb survivor data
does not have the power to estimate more than one or
two of the five LQE dose-response shape parameters
[16]. Three of the LQE dose-response shape parameters
(βba/αbaγ, αban/αbaγ and αkn) were therefore fixed to prior
means. In general, fixing parameters converts statistical
uncertainty into model assumption uncertainty. This no-
tion is supported in Table 2 by the observation that 
row variation exceeds estimate uncertainty. Thus, LQE 
modeling uncertainty dominates LQE statistical uncer-
tainty.

The LQE model under the previous assumption of Eq.
(8) yields Rγ=0.0022 Gy–1 [16] or Rγ=0.0039 Gy–1, de-
pending on the assumed value of the dicentric yield pa-
rameter αdγ (see rows 1 and 2 of Table 2). Meanwhile,
using BCR-to-ABL distance data and TDRA, the LQE
model yields the range of risk estimates given in rows
3–11 (Table 2). Although the two groups have slightly
overlapping estimates of Rγ, they can be separated clean-
ly by their associated estimates of N.

There is general agreement among hematologists that
there are about 1012 nucleated marrow cells per adult
[34], that there is approximately one LTC-IC (long-term
culture-initiating cell) per 105 nucleated marrow cells
[11, 35] and that CML target cells are probably very
primitive hematopoietic stem cells [11], such as LTC-
ICs. Thus, estimates of N on the order of 107, such as
those shown in rows 3, 5, and 7–11 (Table 2), are quite
consistent with hematological considerations. This is in
sharp contrast with estimates on the order of more than
108 in rows 1 and 2, or in [28, 36], and estimates closer
to 106 in rows 4 and 6. This suggests that risk estimates
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Table 2 Dependence of Rγ and N on the choice of fixed LQE parameters βbaγ/αbaγ and αban/αbaγ

Row# βBAγ/αBAγ
a αBAn/αBAγ

a Rγ (Gy–1) N Notes

1 .055/.0107 .8/.0107 .0022 (.0012, .0039)b 6.1×108 (3.3×108, 1.1×109) αdγ=0.0107 Gy–1

2 .055/.022 .8/.022 .0039 (.0020, .0073) 5.2×108 (2.7×108, 9.8×108) αdγ=0.022 Gy–1

3 .45/3.64 .8/.022c .0094 (.0051, .0176) 7.6×106 (4.1×106, 1.4×107) Baseline g(r)
4 .45/3.64 3*.8/.022d .0056 (.0029, .0106) 4.5×106 (2.3×106, 8.6×106) αBAn/αdn=3*αBAγ/αdγ
5 .45/3.64 (1/3)*.8/.022d .0116 (.0065, .0216) 9.4×106 (5.3×106, 1.7×107) αBAn/αdn=(1/3)*αBAγ/αdγ
6 .45/3.64 10*.8/.022d .0027 (.0014, .0052) 2.2×106 (4.2×106, 1.1×106) αBAn/αdn=10*αBAγ/αdγ
7 .45/3.64 (1/10)*.8/.022d .0128 (.0072, .0237) 1.0×107 (5.8×106, 1.9×107) αBAn/αdn=(1/10)*αBAγ/αdγ
8 .285/2.7 .8/.019c .0091 (.0051, .0169) 1.0×107 (5.6×106, 1.8×107) g(r) with R=3 µm
9 .49/4.0 .8/.024c .0102 (.0057, .0188) 7.5×106 (4.2×106, 1.4×107) g(r) with αdx=0.05 Gy–1

10 .29/4.29 .8/.022c .0100 (.0056, .0183) 6.8×106 (3.8×106, 1.3×107) Sba(r) with (p,κ)=(0.016, 0.04)
11 .33/2.54 .8/.022c .0098 (.0054, .0184) 1.1×107 (6.3×106, 2.1×107) Sba(r) with (p,κ)=(0.024, 0.06)

a Note that βBAγ/αBAγ=βbaγ/αbaγ and αBAn/αBAγ=αban/αbaγ, i.e. the
numbers here enter directly into the LQE model
b In parentheses are the 95% CI

c These assume that x=(αBAn/αdn)/(αBAγ/αdγ)=1, i.e. that the neu-
tron α increases as much as the γ-ray α
d These assume x=3, 1/3, 10 and 1/10
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in rows 3, 5, and 7–11 may be better than those of rows
1, 2, 4 and 6. Interestingly, the “better” risk estimates
tend to cluster near Rγ=0.010 Gy–1.

Since tn(r) for the Hiroshima neutron exposure is not
available, we resorted (rows 3–7 of Table 2) to examin-
ing five possible neutron scenarios. The scenarios are
x≡(αBAn/αdn)/(αBAγ/αdγ)=1, 3, 1/3, 10 and 1/10, where x
is the increase in the neutron α relative to the increase in
the γ-ray α. We found that as x decreases below 1/10, Rγ
and N reach limiting values because the CML risk is then
completely attributed to γ-rays. In this limit N~1×107 is
completely consistent with stem cell expectations (see
row 7). In the opposite limit, as x becomes large, Rγ ap-
proaches zero because CML risk is then attributed com-
pletely to neutrons. In this limit N~106 target cells is be-
low expectations. Taken together, these results suggest
that x<1 is more likely than x>1. As additional support
that x<1, we note that with Sba(r) shifting to smaller r
[relative to S0(r)], the correlation integral of Eq. (7a)
should have a greater relative increase for tγ(r) in Fig. 1,
than for a high, but perhaps relatively flat, tn(r).

The spatial correlation observed between the BCR and
ABL positions was modeled here as a “bond” between
chromosomes 9 and 22. We do not know the nature of
this bond. Perhaps tetraplex hybridization occurs be-
tween Alu sequences, perhaps the nuclear matrix holds
BCR and ABL in close proximity through matrix attach-
ment regions. Regardless of how, our model predicts that
unbonded states are 50 times more common than bonded
states, and it predicts that the average tethering distance
is about 0.05 times the nuclear radius. Additional 3D
confocal experiments are needed to substantiate this
claim; the distribution peak at small values of r/R was
repeatedly observed in G0-lymphocytes but the possibili-
ty of unknown systematic errors cannot be ruled out.

Our results show that, despite many uncertainties in
models and parameters, a systematic, quantitative, bio-
logically based model of radiation-induced CML may
not be wholly out of reach. Some cancers other than
CML might also be amenable to such analysis. One pos-
sibility is H4-RET-mediated papillary thyroid cancer
(PTC). Recent evidence suggests that H4 and RET are
“tethered” even more dramatically than BCR and ABL
[37]. Furthermore, PTC is certainly prevalent enough
that its dose-response can be detected epidemiologically
[38].
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Appendix A

This section describes a means of mapping rotationally
symmetric (RS) expected relative mass densities m(r) in-
to pair-wise distance probability density functions S(r).
Suppose we have a sphere of radius R and suppose that
m(r) satisfies Eq. (9). The probability density that a point
is a distance r from the center of the sphere is then

(A1)

To express S(r) in terms of f(r), we condition it on the
two points being distances r1 and r2 from the center, i.e.

(A2)

Our goal then is to find p(r| r1,r2). To this end, let r2
be a vector extending from the origin of 3D space to the
north pole of a very thin concentric shell of radius r2 and
let r1 be a vector to an arbitrary point on a very thin shell
of radius r1, 0<r1, r2<R. Let θ be the angle between these
two vectors. The probability of θ is then 1/2 sin(θ)dθ and
this must equal p(r| r1,r2)dr. Using the law of cosines

which then implies that p(r| r1,r2)=r/(2r1r2). Substituting
this and (A1) into (A2) yields

(A3)

where complicated integration limits (not shown) are
simplified by the 45° rotation

the inverse of which is

We then have 

and

(A4)

This integral can be solved symbolically for
m(r)=(3+k)rk/3Rk and k={–1,0,1,2, ...}. The simplest ex-
amples include k=–1, which gives

and
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k=0, which reproduces the familiar S0(r) given in 
Eq. (5), and k=1, which gives

Visual examination of solutions for higher k suggest
that for k even, a single expression is valid for both re-
gions of r, and for k odd, two expressions are needed.
The solutions also suggest that for k odd, the solution in
the second region relates to the first by a change in signs,
division of the highest power term by three, and the ad-
dition of a linear term. Note for k=0 and small r that
S0(r) equals f(r), i.e. in this case the center of the sphere
is as good a point partner as any other.

The integral of Eq. (A4) can be solved numerically
for arbitrary m(r). When we fit the Neves data to the
two-shell model we solved this integral within each
function evaluation of a log-likelihood optimization. The
integral of Eq. (A4) can be readily extended to situations
where ma(r)≠mb(r). Programs for this in Matlab are
available upon request from radivot@musc.edu.

Appendix B

In this section we describe a means of mapping m(r)
from 3D to 2D. This mapping was used in the curve fits
of Fig. 2.

The set up is as follows. In 3D, consider a thin con-
centric shell of radius rs, a point on this shell that makes
an angle θ with the z-axis, and the 2D projection radius
of this point rc. By mass balance we then have

where ms(rs) and mc(rc) are the 3D and 2D relative mass
densities, respectively, s stands for spherical and c stands
for circular. Since rs sin(θ)=rc, we then have

Holding rs fixed and varying θ, rs cos(θ)dθ=drc. Thus,
the contribution that the thin 3D spherical shell makes to
the 2D mass density at rc is

Integrating these contributions over all possibilities, i.e.
from rs=rc to rs=R, noting that there are two contribu-
tions above and below the x-y plane, and noting that

(B1)

For piece-wise constant ms(rs) the integrand in Eq.
(B1) can be trivially integrated over each region. The net

result is that mc(rc) becomes a weighted sum of basis
functions where the weights are the constant mass densi-
ties for a region and the basis functions are determined
by the breakpoints in the radius rs. For example, the ba-
sis function generated by the shell between bi and bi+1 is

and

Let this basis function be the ith column of a matrix
H. The solution mc(rc) then becomes the product of H
and a column vector m of constant relative mass densi-
ties mi. Thus, during our log-likelihood optimization that
created the curve fits of Fig. 2, the matrix H was created
once globally and each function evaluation merely
formed Hm for each new m. Note that the constraint in
Eq. (9) still applies and that it is non-linear in the param-
eters ci where mi=exp(ci).
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