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Abstract  

Background 

The Hill reaction rate model is useful because it is flexible enough to represent many 

reactions and because it characterizes the extent to which biochemical reactions exhibit 

cooperativity.  Its main disadvantage is that it cannot discriminate between cooperativity 

mediated by changes in enzyme activity versus substrate binding affinity.  

Results 

The linear-quadratic rational polynomial (LQRP) reaction rate models explored here assume: 

(1) that binding of enzyme monomers to form dimers is well approximated as being infinitely 

tight at the enzyme concentrations of the data,  (2) that the behavior of any higher order 

enzyme structures (if they exist) is dominated by the behavior of dimers within such 

structures, and (3) that the enzyme concentrations are so low relative to the lowest substrate 

concentration that free substrate concentrations approximately equal total substrate 

concentrations. In addition to these assumptions, hypotheses of dissociation constants K 

being equal to each other or infinitely large, and hypotheses of enzyme activities k being 

equal to each other or zero, yields a family of k-K LQRP models. These k-K LQRPs map, 

typically many-to-one, into data fitting equivalent canonical LQRPs. The canonical LQRPs 

were fitted to human thymidine kinase 1 data. Predictions of the top models (ranked by the 

Akaike Information Criterion) suggest subsequent experiments to distinguish TK1 

cooperativity mechanisms mediated primarily by changes in k, K or both k and K. 

Conclusions 

Compared to single model fits of the empirical Hill model, fits of families of rational 

polynomials, such as those presented here, are preferable because they yield predictions that 

can guide subsequent experiments to elucidate mechanisms.   



Background  
 

The empirical Hill model of reaction fluxes v as a function of substrate concentrations S is 
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where Vmax is the maximum flux, S50 is the substrate concentration at which the flux is half 

maximum, and n is greater than 1 for positive cooperativity and less than 1 for negative 

cooperativity.  This model is useful because it is flexible enough to represent many reactions, 

and because it characterizes the extent to which biochemical reactions exhibit cooperativity.  

Its disadvantage is that it cannot discriminate between cooperativity mediated by changes in 

enzyme activity versus cooperativity mediated by changes in substrate binding affinity.  

The linear-quadratic rational polynomial (LQRP) models explored here assume: (1) 

that binding of enzyme monomers to form enzyme dimers is approximately infinitely tight 

across the enzyme concentrations of interest, (2) that the behavior of any higher order 

enzyme structures (if they exist) is dominated by the behavior of dimers within such 

structures, and (3) that enzyme concentrations are so low relative to the lowest substrate 

concentration that free substrate concentrations approximately equal total substrate 

concentrations. Added to these assumptions are hypotheses of various dissociation constants 

K being equal to each other or being infinitely large, and hypotheses of enzyme complex 

activities k being equal to each other or being well approximated as zero. These hypotheses 

generate a family of k-K LQRP models/hypotheses (see Table 1) which map, typically many-

to-one, into data fitting equivalent canonical V-α LQRPs (e.g. Eqs. 3-9 below).  This paper 

explores the fitting of V-α LQRP models first to simulated Hill data with Hill coefficients of 

.4, .7, 1.3, and 1.6, and then to published human thymidine kinase 1 data [1-5].   



Results  
 
The LQRP model family 

LQRP hypotheses/models were created as parameter constraints applied to the model 
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where ki and Ki are the activity and dissociation constants of the ith potentially active enzyme 

complex in Figure 1 and [E0] is the total concentration of enzyme dimers.  Because Eq. (2) 

has six parameters where at most four can be identified (see Eq. 3 below), it follows that at 

least two parameters must be eliminated from Eq. (2) by parameter constraints before fitting 

the resulting model to a dataset. This leads to many models. Indeed, 37 k-K LQRPs (Table 1) 

arise from Eq. (2) without the use of ki = 0 constraints (these will be dealt with later). These 

k-K LQRPs can be grouped into 7 data fitting equivalence classes that can be represented by 

the following 7 canonical V-α LQRPs: 
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where V∞ is the flux in the limit of large S. Examples of derivations of these equations follow: 

 

K1 = K2 ≠ K3 and k1 = k2 ≠ k3 (row 1 in Table 1) yields Eq. (3)  
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if V1 = 2k1[E0]/K1, V∞ = 2k3[E0], α1 = 1/K1, and α 2 = 1/(K1K3).  Rows in Table 1 that map to 

Eq. (3) represent mechanisms in which cooperativity is mediated by changes in both k and K, 

save two (rows 11 and 12) that assume equalities across the k if the condition 2k3 = k1 + k2 is 

classified as such (and it is here). One of these two rows is the case of a rigid asymmetric 

dimer defined by K1 ≠ K2 = K3 and 2k3 = k1 + k2   (row 12).  This case reduces to a model of a 

mixture of two independent monomer enzymes that use the same substrate as follows  
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Since substrate will always bind the site with the tighter of K1 and K2 first, positive 

cooperativity cannot be represented by this model, though negative cooperativity can. 

Rewriting Eq. (11) as 
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shows that, although α1 and α2 are free to be any real coefficients in Eq. (3), they are 

restricted in (11b) to yield real roots. Further, α1 cannot increase or decrease without 

increasing or decreasing α2, and vice-versa, and if 21 kk + increases or decreases to increase or 

decrease V∞, so too must V1 =
2

2

1

1

K

k

K

k
+ also increase or decrease, and vice-versa. Thus, when 

forced into the structure of Eq. (3), we see that Eq. (11) is a subset of Eq. (3), though both are 

four parameter models. Since Eq. (3) can fit any dataset as well as Eq. (11), but it can also fit 

positive cooperativity data which Eq. (11) cannot, it follows that Eq. (3) will always tie (if n 

< 1) or do better than (if n > 1) Eq.  (11), i.e. Eq.  (11) does not create an additional V-α 

model since v-S data cannot discriminate it from Eq. (3) k-K models/hypotheses.   

       

K1 = K2 ≠ K3 and k1 + k2 = 2k3 (row 10) yields Eq. (4) 
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Further, all of the other Eq. (4) rows in Table 1 are also consistent with cooperativity being 

mediated by inequalities in K’s rather than k’s. 

 

K1 = K2 = K3 in rows 17 to 20 yield Eq. (5) 
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These are k cooperativity mechanisms. 

 

 



K1 = K3 and K2 = ∞ and k1 ≠ k3 (row 28) maps to Eq. (6) 
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and is an example of a mixed k-K cooperativity mechanism. 

 

K1 = K3 and K2 = ∞ and k1 = k3 (row 29), a K cooperativity mechanism, maps to Eq. (7) as 
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k1 = k2 = k3 and K1  = K2  = K3 (row 21) yields Eq. (8) 
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or the Hill model in Eq. (1) with n = 1, i.e. the Michaelis-Menten model.  The Eq. (8) rows of 

30, 31 and 32 in Table 1 prove that inequalities in K’s and k’s do not imply cooperativity.  

 

K1= ∞, K2 = ∞ and K1K3 finite (row 34) yields Eq. (9) 
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or the Hill model in Eq. (1) with n = 2, S50 = 21 α = 31KK , and Vmax  =  V∞ = 2k3 [E0]. This 

model hypothesizes that although K1 and K2 are so large that single substrate enzyme dimers 

cannot be detected above noise, K3 is tight enough that K1K3 products must be treated as 



being finite, i.e. it hypothesizes that the presence of substrate saturated dimers can be 

detected. This equation represents a K cooperativity mechanism because the values of k1 and 

k2 can be anything and can thus be thought of as being equal to k3. 

 

Other V-α LQRPs arise when ki = 0 hypotheses are applied to Table 1 rows as follows: 

 

Eq. (3) derivates   

k3 = 0 applied to any of the Eq. (3) rows of Table 1 yields 
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which, along with Eqs. (24) and (27), is distinguished by its drops back to zero at large S. 

 

k3 ≠ 0, k1 = 0 and k2 = 0 applied to the Eq. (3) rows in Table 1 in which neither k1 nor k2 are 

constrained to equal k3 yields  
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k3 ≠ 0 and k1 = 0 or k2 = 0 in Eq. (3) rows where one of k1 and k2 is constrained to equal k3 

yields, via rows 2 and 3,  
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and via rows 8 and 9, 
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Eq. (4) derivates   

In each of the Eq. (4) models in Table 1, k1 and k2 are constrained to either equal k3 or sum to 

2k3,  and since k3 ≠ 0, else the rate law trivially vanishes, no new LQRP’s are formed.  

 

Eq. (5) derivates   

If k3 = 0 these rows yield  
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and row 17 reproduces Eq. (5).  

 

Eq. (6) derivates 

With k3 = 0 row 28 creates 
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Eq. (7), Eq. (8) and Eq. (9) derivates 

When k =0 hypotheses are applied to these Table 1 rows the models either collapse to v = 0 or 

remain unchanged by either a factor of 1 or 2 being absorbed into V∞. Thus, no additional  

V-α LQRP models are formed. 

 

LQRP versus Hill model with n = .4, .7, 1.3 and 1.6 

Hill models with Vmax = 1, S50 = 1 µM, and n = (.4, .7, 1.3, and 1.6) were simulated with 1% 

added noise at 100 logarithmically spaced S values between .1 and 10 µM. The resulting 

“data” was then fitted to Eqs (3-9) and Eqs (18-28) to yield the plots in Figure 2 and the 

parameter estimates in Table 2 (reproducible by the R [6] script in Additional File 1). Using 

the Akaike Information Criterion (AIC) [7] and a ∆AICc (see Methods) cut-off of 15 for 

model rejection [8] (models not rejected have asterisks in the legend in Fig. 2), Eqs. (3) and 

(4) fit the hill data well at all four n values, and Hill coefficients closer to 1 (.7 and 1.3) were 

fitted well by more LQRPs than Hill coefficients further from 1 (.4 and 1.6).  

 

LQRP fits to the Birringer et al human thymidine kinase 1 data 

The complete set of V-α LQRP models was fitted to recent human thymidine kinase 1 data of 

Birringer et al. [1] (Table 8 and Additional File 2). The fits are shown in Fig. 3 (which can be 

regenerated by Additional File 3). With models ranked by AICc, Table 3 shows that the Hill 

model was far from being selected as the best model. The top model, Eq. (25), is consistent 

with k1 = k2 = 0 and K1 = K2 = K3 (Table 1, row 18), i.e. an extreme case of positive 

cooperativity mediated by changes in k (since k3 > 0) rather than changes in K.  This k-K 

LQRP is 
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where [E0]=153 pM [1] (306 pM was the monomer concentration) and the reaction vessel 

volume was 30 µL [1].  Upon fitting Eq. (29) to this data the parameter estimates, upon 

conversion to seconds, were k3 = 0.2746  (0.2545333,  0.2962) sec
-1

 and  K1 = 0.266 (0.207,  

0.337) µM  (95% confidence intervals are shown in parentheses, see Additional File 4). 

Meanwhile, the Hill parameter estimates of the original data analysis were kcat=.28/sec, 

n=1.3, and S50 =.51 µM [1]. These activities are low relative to maximum velocities on the 

order of 10 µmole/min/mg found by Munch-Peterson’s group [2, 3, 5] and others [4]. Since 

10 µmoles per minute is 167 nmoles/sec, and since 1 mg of protein is 1mg/(25x10
6
 mg/mole) 

= 40 nmoles, 10 µmoles/min/mg is roughly 4 turnovers per second, i.e. the activity in 

Birringer et al. is roughly 16-fold lower than expected based on earlier studies.  

   

The second best fitting model (Eq. 28) proposes k1 is zero and that the value of k2 does not 

matter since K2 = ∞. Thus, this model is consistent with cooperativity being mediated by both 

activity changes and affinity changes. The third best model (Eq. 7) proposes that k1 is the 

same as k3 and that k2 does not matter since K2 = ∞, i.e. it proposes affinity changes as the 

mechanism.  Finally, the fourth best model is Eq. (26) which derives from rows 19 and 20 in 

Table 1 which claim that k1 or k2 is zero while k3 is not, and that the K are all the same, i.e. it 

too supports changes in k as the mechanism of cooperativity.  Thus, the top 4 models place 

2.5 votes in favor of activity changes and 1.5 votes in favor of binding affinity changes.  

The 5
th

 best model, the Michaelis-Menten model (Eq. 8), is disfavored by ∆AICc > 3.5.  Of 

the ∆AICc gap of ~4 that follows this two parameter model,  ~2 is due to the small sample 

correction term (see Methods) and 2 is due to an additional parameter (the 6
th

 to 10
th

 models 



are all three parameter models).  This suggests that if three parameter models are to compete, 

additional data is needed to increase the sum of squared errors component of the AICc and 

thus decrease the relative importance of parameter numbers.    

 

LQRP fits to other human thymidine kinase 1 data 

Tables 4 to 7 show the results of fitting the LQRPs to other data [2-5]. Strikingly, the top 4 

models of the dataset of Frederiksen et al.[2] (Table 4) are the same as those for Birringer et 

al. [1].   One of these top 4 models (Eq. 7) is also the best model of the Berenstein et al. [3] 

data (Table 5).  The data of Li et al. [4] is different in that the Michaelis-Menten model wins 

(the Hill coefficient was 1.01, see Table 6), and the data of Munch-Petersen et al. [5] is 

different in that the 4 parameter model of Eq. (3) (see Table 7) is its clear winner.   

 

Joint LQRP fits to human thymidine kinase 1 data 

Datasets with Hill coefficients of 1.2 to 1.3 [1-3, 5] (i.e. excluding the non-cooperative data 

of Li et al.) were amplitude normalized by dividing their fluxes v by Vmax of their Hill model 

fits (see Additional File 5).  These datasets were then fitted jointly to Eqs (3)-(9) and Eqs 

(18)-(28).  Eq. (7) won this competition, and oddly, the Hill model came in second place with 

a ∆AICc of ~2 (not shown). If the Hill model approximates an average of more than one 

LQRP, this result could indicate that the datasets are too different to merge.  The 1993 dataset 

[5] was thus removed. The result was approximately the same, i.e.  Eq. (7) won and the Hill 

model came in second. The 2000 dataset [3] was then also removed, leaving just the merged 

normalized data of Birringer et al. [1] and Frederiksen et al. [2].  The Hill model then fell out 

of the competition and Eq. (25) came in first place and Eq. (7) in second (with a ∆AICc  of  

~2.5).  These top two models differ in their predictions the most at thymidine concentrations 

greater than 100 µM and between .2 and .5 µM (see Fig. 4 and Additional File 6).  

Subsequent experiments should thus be performed at these concentrations.  



  

Discussion  
Since there are 7 Eq. (8) rows in Table 1, the Michaelis-Menten model does not suggest a 

mechanism.  Similarly, Eq. (3) appears in 12 rows in Table 1, so its victory in fitting the data 

of Munch-Petersen et al. [5] also leaves the underlying k-K model/mechanism undefined.  In 

contrast, Eq. (7) appears in Table 1 only once, and Eq. (25) is strictly a derivative of row 18, 

so when one of these V-α LQRP models is the best, a specific k-K hypothesis is supported.  

 

It should be clear that LQRPs cannot represent datasets with Hill coefficients greater than 2 

and that, to handle datasets with Hill coefficients up to 4, Fig. 1 needs to be replaced by a 

tetramer model. The number of models/hypotheses then becomes large. A need for automated 

k-K model enumeration approaches is therefore anticipated.  

 

Conclusions  
Compared to single model fits of the empirical Hill model, fits of families of rational 

polynomials such as those presented here are preferable because they yield predictions that 

can guide subsequent experiments to elucidate mechanisms.   

 



Methods 
 
Data 

All of the datasets were digitized using plotDigitizer [9]. The ATP concentrations in all of the 

datasets was 2.5 mM or higher (see Table 8) and at such concentrations TK1 is a tetramer [5]. 

It is thus assumed that such tetramers are loose dimers of tight dimers such that interactions 

within dimers dominate interactions between dimers. This notion has some support [10]. The 

highest enzyme concentration in any of the datasets was that of Birringer et al at 306 pM, and 

the lowest substrate concentration appears to have been 50 nM. Given the large gap between 

these concentrations, it is safe to assume that total substrate concentrations approximately 

equal free substrate concentrations; if this were not the case, total concentration constraint 

polynomials in the free concentrations [11] could instead have been used to model the data. 

 

Model selection 

The Akaike Information Criterion (AIC) is 2*P – 2*log-likelihood [7] which, in the case of 

normally distributed errors, is  AIC = 2*P + N*log (2 π) +  N*log (SSE/N) + N where P is the 

number of estimated parameters (including the variance), N is the number of data points and 

SSE is the sum of squared errors. The small sample size corrected AICc = AIC + 2*P(P+1)/ 

(N-P-1) was used for model comparisons, as recommended in [8], as this correction is 

significant at the small sample size of the data in Fig. 3 (in contrast, this correction is 

negligible at the N = 100 sample size of the simulated data of Fig. 2).  ∆AICc is the difference 

between the AICc of a particular model and the best/lowest AICc of all models tested.  

 

Parameter Estimates 

The 95% confidence intervals of the parameter estimates of Eq. (29) were obtained using 

nls and confint of the statistical programming environment R [6], see Additional File 4. 
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Figures 
Figure 1 – Possible states of an infinitely tightly bound asymmetric enzyme dimer  

 

Figure 2 – Simulated data fits 

Comparison of LQRP fits to hill model “data” simulated at different n values. The rows are 

models with 4, 3, 3, 3, 2 and 2 parameters, respectively.  Models with ∆AICc < 15 are 

indicated by an asterisk. Parameters are given in Table 2. For details see Additional File 1.  

 

Figure 3 – V-α LQRP fits to the hTK1 data of Berringer et al [1] 

Units are pmoles/min and µM. For details see Additional Files 2 and 3.  

 

Figure 4 – Top 2 models of data of Birringer et al [1] and Frederiksen et al [2] pooled 
 

Substrate concentrations where model predictions differ most are excellent conditions for 

subsequent model discrimination experiments. See Additional File 6. 

 



Tables 
Table 1 – LQRP k-K Models 

These models were derived from Eq. (2) using constraints to eliminate at least 2 parameters 
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X = any finite value is acceptable since the parameter is not in the model 
S = models that assume a symmetric dimer, i.e. K1 = K2 and k1 = k2. 
n = null model not mapped to an equation 
 

Table 2 - Fits to simulated Hill data 
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Table 3 -  LQRP fits to Birringer et al’s 2006 data  

��� ���� ���	� �������
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Table 4 -  LQRP fits to Fredericksen  et al’s 2004 data  
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Table 5 -  LQRP fits to Berenstein et al’s 2000 data  
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Table 6 -  LQRP fits to Li et al’s 2004 data  

��� ���� ���	� �������
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Table 7 -  LQRP fits to Munch-Petersen et al’s 1993 data  
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Table 8 -  Available Human Thymidine Kinase 1 data  
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Additional files 
Additional file 1 – R script to generate Figure 2 

This file can be sourced into R to recreate Figure 2 and Table 2.   

 

Additional file 2 – Available TK1 Data 

This is a tab delimited version of Table 8. It is read in by Additional Files 3-6.   

 

Additional file 3 – R script to generate Figure 3 

This R script can be sourced into R to generate Figure 3 and Table 3 to 7. 

 

Additional file 4 – R script to generate parameter estimates of Eq. (29) 

This R script generates Eq. (29) parameter estimates for the data of Birringer et al.  

 

Additional file 5 – R script to normalize data 

This R script amplitude normalizes the data in Additional File 2.   

   

Additional file 6 – R script to generate Figure 4 

This R script generates Figure 4.   
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Additional files provided with this submission:

Additional file 1: addf1fithills.r, 7K
http://www.biomedcentral.com/imedia/1541234632221165/supp1.r
Additional file 2: addf2tk1.txt, 3K
http://www.biomedcentral.com/imedia/8264360982211658/supp2.txt
Additional file 3: addf3fitall.r, 7K
http://www.biomedcentral.com/imedia/7156695992211658/supp3.r
Additional file 4: addf4birreq29.r, 0K
http://www.biomedcentral.com/imedia/2884002422116584/supp4.r
Additional file 5: addf5mknorm.r, 2K
http://www.biomedcentral.com/imedia/1173268833221165/supp5.r
Additional file 6: addf6top2.r, 1K
http://www.biomedcentral.com/imedia/1807485967221165/supp6.r
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